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General Info

Email: amar.venugopal@stanford.edu

Section: Thursdays 4:30-6:20pm in STLC 114

O�ce Hours: Wednesdays 2-4pm in Econ 149

Section Questions: Question Form

Section Feedback: Feedback Form

Note: please use o�ce hours to ask questions about the material, rather than
over email.

For the entirety of the course, section materials are drawn heavily from those prepared
by Lea Bottmer in past years.
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Announcements

Remember to email me about whether you wish to take the final exam, and if you
require any special accommodations for it

Unless you are an Econ PhD, in which case you have no choice :)

If you are a predoc and wish to waive the class next year, you must take the exam as
well
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Section Norms

In order to foster a healthy, inclusive classroom environment, we will all abide by the
following community norms:

One microphone: we will allow everyone to finish their thought without
interruption

Everyone got accepted to Stanford and is here for a reason. There is no need to
prove anything to anyone.

Asking questions is a great way to deepen your understanding and resolve any
confusion you may have. It is not a signaling device.

There is no such thing as a stupid or dumb question

Questions asked during section will be answered by the TA
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Homework

First problem set due Sunday April 6, 11pm. No late submissions are accepted.

All submissions should consist of 2 files:
A typed writeup, which should be self-contained (the grader should not have to view
any code)

A .zip file with all your code and user-created programs

Please make sure your writeup is easy to read, and code should be well-commented

For empirical questions: try to make economic sense of your results, or explain
why they may not make sense

For theoretical questions: make sure to explain steps clearly (cite theorems,
references, etc) for full credit

For problem set-related questions, come to my o�ce hours or reach out to me (cc
Guido on all problem set-related emails)

I will not respond to problem set emails sent on the due date
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Hints for Problem Set 1

The lecture notes (on Canvas) may be helpful if you get stuck at estimating
homoskedastic variance
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Lecture Feedback

Guido and I are both committed to making lecture and section as helpful/instructive as
possible.

Feel free to discuss or email either of us with any feedback you might have.

Can also you section feedback google form if you prefer anonymous submission of
feedback (just note in your response that the feedback pertains to lecture).
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Intro to Causality

Key question: what is the e↵ect of changing someone’s treatment status on some
outcome?

3 key areas of interest:

1

2

3

Fundamental problem of causal inference:
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Notation

Yi :

Wi :

Yi (w):

Xi :

Note: Via Neymans’s repeated sampling approach, PO are assumed to be fixed (unlike
observed outcomes)
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Assumptions

Known treatment assignment

Stable Unit Treatment Value Assumption
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Point Estimation

Estimand:

Estimator:

Properties:
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Inference

True Variance:

Estimator:

Properties:

Confidence Intervals:
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Hypothesis Testing: Fisher Exact p-Values

4-step procedure:

1

2

3

4
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What is the problem?
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Point Estimation

Estimand:

Estimator:
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Inference

True Variance:

Estimator:
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Completely Randomized vs. Stratified vs. Paired
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Practical Recommendations
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Power Calculations

Power of a test (�):

Size of a test (↵):

General procedure to get required sample size for given ↵,�:

1

2

3

22 / 31



Useful Formulae

To determine minimum sample size when...

Testing a mean against 0 (assuming random sample from normal distribution):

N =

✓
��1(�) + ��1(1� ↵/2)

µ0/�

◆2

Testing DiM with unequal sample sizes and equal variances:

N =
(��1(�) + ��1(1� ↵/2))2

(⌧20 /�
2)�(1� �)

where � = share of treated units
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Announcements

Remember to email me about whether you wish to take the final exam, and if you

require any special accommodations for it

Unless you are an Econ PhD, in which case you have no choice :)

If you are a predoc and wish to waive the class next year, you must take the exam as

well
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Hints for Problem Set 2 (Due April 13, 11pm)

Within-group correlations of a single variable try to answer the question: does my
value going up mean that your value is more likely to go up/down?

Corr(Yi ,Yj) for i 6= j can be calculated by constructing pairs (combinatorially) of

observations from the data

Recall the definition/equation for correlation - how can it be simplified in this

context?

Simplified equations for LZ/EHW variance estimators on slides (Lecture 4, Slide

4) are missing a factor of 1/N
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A note on terminology

In the course, we will often use the term “population” to refer to the experimental

sample since we are mainly thinking about design-based inference

We will therefore refer to the broader population from which the experimental

sample is drawn as the “super-population”

We may occasionally refer to our experimental sample as the “sample”, for

example when we want to distinguish between sample and population ATEs

It is confusing, I will try to be as explicit as possible

5 / 26



From last time: nontrivial sharp nulls

Test statistic for sharp null: Yi (1) = a · Yi (0) + b
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Why cluster?
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Clustered Sampling vs. Assignment

Clustered Sampling:

Clustered Assignment:
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Notation

G :

Gi 2 {1, ...,G}:

Ng :
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Point Estimation

Estimands:

Estimators:
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Variance: ⌧̂cluster

True Variance:

Estimator:
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Variance: ⌧̂pop

True Variance:

Estimator:
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Hypothesis Testing
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2 “Flavors” of Error

1

2
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(Even More) Notation

Sequences of populations indexed by k = 1, 2, 3, ...

gk :

ng ,k :

qk 2 (0, 1]:

pk :

Ak,g :
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Clustering Regimes

Assignment, Ak,g

Random Partially Clustered Clustered
Random 1111111111 111111111111111111111111111 111111111111

Sampling
qk Clustered
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Special Cases

Random sampling of clusters from a large population of clusters

Random sampling from a large population

Completely random assignment

Clustered random assignment

What can we test?
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Causal Cluster Variance (CCV) - Big Idea
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True Variance by Regime

Assignment, Ak,g

Random Partially Clustered Clustered
Random 1111111111 111111111111111111111111111 111111111111

Sampling
qk Clustered
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CCV - Estimation
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Variance Estimation by Regime

Assignment, Ak,g

Random Partially Clustered Clustered
Random 1111111111 111111111111111111111111111 111111111111

Sampling
qk Clustered

Note: the choice of estimator really matters here!! Standard errors can vary widely.
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What’s di↵erent from traditional experiments?

Setting:

Treatment Arms:

Goal:

5 / 23

1 experimental sample- sequential samples ("online")

Inference is hard

2 + k(2)

Estimation & right decision



“Dual Mandate” for Bandits

6 / 23

Exploration : get a good sence of each arm's efficacy

units
best possible

treatment

Exploitation
: give

-> balance these to minimize regret (suboptimal assignments

give
as many

units as possible best treatment possible



Notation + Terminology

Action/Arm:

Outcome/Reward:

Policy:
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kef1 ,
-- ,
k(ax)

Y
,

ER (re)

T : history
-> action

#(k, Y
, ,

-...
ken) = It



Naive Approach

Given: N units, K arms

1

2

Drawbacks:

8 / 23

Assign MK
units per arm

,
observe aug ,

outcome

Choose highest aug .

em :
K = orguex

no exploiting
risk overse

no priors

equal confidenc in each arm
-> could be wrag

about best



Online Learning

Big idea: “learn as we go”

2 common methods/algorithms:

1

2

9 / 23

Dynamically assign
unils to arms to balance explore us. exploit

Thompson Sampling (FS)

Veger
Confidenc

Bound (vcrs)



Quick Detour: Bayesian Updating

1

2

3

10 / 23

Form prio
: g(0)

Observe data : p(X(t)
posterie
--

Update via Bayes'
Charles (0X)

=
Ple

ax
prin

likelihood

incalculable analytically -

favoringatein-now
, griar

some class

ex .

Normal ,

Beta (uniform)



Thompson Sampling: Idea

1 Select:

2 Update:

Exploration:

Exploitation:

11 / 23

according toprobability arm is optional

Observe Yo
,

undak posterior
for selected

arm

Each own
has nonzero probability of being selected

more often

Choosingerms
we

think are
batter

-

Modification : Exploration Samesling
- choose according to variance

↑ Exploration ,
& Exploitation

-



Thompson Sampling: Example

K = 3 arms, binary rewards, µ1 = 0.5, µ2 = 0.2, µ3 = 0.9, uniform prior: B(1, 1)

1

2

3

4
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M = P(Y,
= 1)

Sample famgranot,ge
B

Assign to highest : k
.

= 2
,

Observe failure
(4 = 0)

Update : Be = Bell + B(1 , 2) -+ sugg
= 20, 17

--
Sample poster: Mogz,g

, s = 0. 86

Trin Posterin prin

:

kn = 3
,
obser ,

nybe....Plsa



Upper Confidence Bound: Idea

1 Select:

2 Update:

Exploration:

Exploitation:

13 / 23

Calculate CI for Mi
,

choose arm with highest UB

-UBhidee
leCl

swide CI our time

↑ Exploration

↓ Exploratio

More unis enorrmer
CI

As we got better
estimates of means ,

(Is shift

accordingly E



Upper Confidence Bound: Example

K = 3 arms, binary rewards, µ1 = 0.5, µ2 = 0.2, µ3 = 0.9

1

2

3

14 / 23

tel Pull each once to get inimal
estimates : M = 0

,
un = 0

,
ey =

↳ Calculate UCB
: Um=
or

= UBz Leger
(e=)

Pull arm 3
,
observe ,

update UB , .

i



Regret Analysis

Regret:

Lower Bound:

TS Regret:

15 / 23

-> Comparing Algorithms T = optimal policy

R(T) =EC] - ELFT]

ELR())1SS MMTo
D Decreasing in T

②Small if My
U.

diff . e

③ Hard to lear it un-us Maa
ECRIFis]] = 0(i)must)



Extensions

What if we observe covariates?

Inference?

16 / 23
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Identification

Question:

Challenge:

17 / 23

gogulation

-
T

Dup
Given "enough data"

,
can we learn it ?

What is "enough dule"



3 Types of Identification

1

2

3

18 / 23

Point

Partial/Set

None



Setting

Focus on cross-sectional data. Consider sequence of populations k = 1, ...,1
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Point Identification - Example

OLS, ✓ = �.

20 / 23

Assume : Y
. /Xi ~N(G +BXi ,

04

⑦

B : LoXiYi) estimable foa a

-N(a + Bx + V(E) ,

ol
↳I
(p + z)



Partial Identification - Example

Wi ,Yi 2 {0, 1}, observe outcome only for treated units. ✓ = E [Yi ] = P(Yi = 1).

21 / 23

Never observe : P(YiIVi = 0) E20, 1)

LB
UB
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Announcements

Final Exam: Wednesday June 11, 8:30-11:30am (room TBD)

Remember to email me about whether you wish to take the final exam, and if you

require any special accommodations for it

Unless you are an Econ PhD, in which case you have no choice :)

If you are a predoc and wish to waive the class next year, you must take the exam as

well

Assignment 5 - Due May 11 (skipping a week, good luck with midterms!)
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Structural Equation Models () DAGs

Consider a simple randomized experiment.

Structural Equation:

DAG:

Why DAGs?

5 / 24

W = f
,
(2) Y = fu (W

,
<n)

↳ random E

& -------G
& ----

Help (visually) argue
for identification



Terminology

Nodes:

Parent/Child:

Ancestor:

(Dashed) Arrows:

Directed Path:

6 / 24

⑤ - A-

Quantities/variables (A,
B

, C)

Immediate predecessor/successor

Won't immediate predecessar
Descendant

(Onobserved) links

Path with all arrows in some direction

(fA + B dir
.

Path

( = 1 + B path



Types of Nodes

Collider:

Mediator:

Confounder:

7 / 24

(On a

given yath)

Arrows coming
in

,

but no out

- Y collideri

us &
1 arrow

in
,
Iove

out

&
-.. W mediate

⑪

&
Arroe going

out
,

but not e

↓ X confinder



Types of Paths (from A to B ...)

Backdoor Path:

Blocked Path:

Open Path:

8 / 24

Az ....

+ B

&

⑪
22. = 927

2
, bloks eath if FzEon gath s . t :

2 = L①pe
D 2 is a non-collider that is conditioned on

condition-> block

OR

& I is a collider that is not
conditioned on

, and all of its descendants not in

⑬
2 = C

Any yath that is not blocked
* 2

,
= 92

already blocked



Blocking and Conditioning

9 / 24

Mediators ,
confounders don't block (by default)

14 My

Collide do
-

comioning
reverses blocking

rules
, may

be necessary
for I

including in regression

① - B -⑪



Extension: d -Separation

Definition:

Implication:

10 / 24

A set of variables "d-segorates" 2 other variables

f it blocks all paths between them

&
~

conditionally

If A is d-segurated
from B by set 2

,

A + B112 ,



Identification Criteria (for causal e↵ect of A on B)

11 / 24

backdro
M

Criterion! Can we block all gaths by editing on

Back dra
-

some set of modes ? If Ye ,
IB caused effect of the

Conditional)

FomidaCritua:setofurdes2 that
satrossea

-

② No unblocked backdoor gaths
from A 2 ,

③ All backdoor eaths from 2
,
-B blocked by A

If all 3 hold
,
ID causal effect A B



Back Door Criterion - Example

12 / 24

FD : DE

A - Sa ,
SB

,
SA,

Br· -BuchdowPaths in
Block by :

DE-E collider & F2
-

Defe ①

What if A unobserved ?
D = 1 + B -S(FSE ⑧

TYes ,
still have ID

GB ,
22

cannot condition on
unobserved

·

i,F,A,
e citina

Paths with unobsend rodes

still need to be blocked !



Front Door Criterion - Example

13 / 24

ID A-D

① Interest all directed gaths

...
B
"

A - (tD 223

① +0
& No backdoor yath A ...

+ 2
,

No backdoor 1 E
.
-
- (

③ All backdow I ,
E ...

- D blosed by A

(t ... D

CEA = B-D (blocked by As

All 3 criteria satisfied by 2= 82]



Collider Bias

14 / 24

Conditioning on a collider can unblock paths and introduce bins
-

"General" bias

Gaul : education - diabetes
-

Goal : AL -> 66

Think : confounde by
mother's diabetes stars

-

Method : Run survey - ⑪ childhrud ⑫ genere
income

-

Ideal : Actual
e

collide I
M-bins

... "
ro -A ①i

⑰⑳ --
sch independent C is really a collider

of both
Conditioning on it organs

backdoor gatts

frm X-Y ,
introduce brus (noTD)
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Experiments ! Observation

How can we identify causal e↵ects?

Experiments:

Observational Data:

5 / 30

Randomization of treatment

Treatment no longer random

Goal : "As -if" randomization
---

reconfoundedness
t

overlay



Unconfoundedness Assumption

Also known as “selection on observables” or “exogeneity”.

Definition:

6 / 30

W: (Y :(, Yi(k) ( X :

Observables may impact treatment assignment

But
,

conditional in them,
we are "as-if" random.



Propensity Scores

Motivation:

Propensity Score:

(Alternative) Unconfoundedness:

7 / 30

With continuous coverinte
P(7i: Xi = xi) =

e(x) = P(wi = 1)Xi = x)

-> "sufficient statistic" for selection on observables

Wit (ii) ,
Yil) (ei

-> match on progensity scores
,

rather then ran covariates



Assessing Unconfoundedness

While unconfoundedness is not testable, its plausibility can be assessed.

2 assessment strategies:

1

2

8 / 30

Estimate effect on psendo outcome

Estimate effects of pseudo treatments



Strategy #1: Estimating E↵ect on Pseudo Outcomes

Big Idea:

Ex.

9 / 30

Treat some covariates as outcomes ,
test independence.

Xi = (Xi ,
Xir) 2 If X : "I Yild) ,

then under D :

↓ ~ Xi"1 Wi(Xi
"

-> estable !
eseude
out one

Estimate any.
diff .

in X19 by treatment status ,

after adjusting

for differences in Xi" as you
choose .

Ovation : Xi" = lagged outcome (if available)



Strategy #2: Estimating E↵ects of Pseudo Treatments

Big Idea:

Ex.

10 / 30

If we have multiple control groun ,

we can test if their

observed outcomes differ.

Get, , & stronger
version of O :

[i(t) ,
Yi())1 G :

1 Xi

Wie0bi
ia--

Testable implication :

Yo + GilXi ,Get
Y biki ,

Gile,

As before,
test where is differs on any .

bla 6
,

12 after

adjusting for X,



Identification?

Conditional Average Treatment E↵ect (CATE): ⌧(X ) = E[Yi (1)� Yi (0)|Xi = x ]

Goal for ATE ID: ⌧ = E[⌧(Xi )]

Let’s see:

11 / 30

ECc(xi)] = ECEZYi/1) - Tisrs(xix]] (definition at <(x))

= ECECTi(D(X =x] - ECTiCIXix]] Clinearing of expectation

= ECE(Yi(1)/Wisl , Xi =x] - ECTie)/W00 ,Xi]] (unconfoundedness

E Ifiio a-

separately estimable !



Overlap Assumption

Definition:

This assumption is testable. Some strategies:

1

2

3

12 / 30

P(wi = 1(xi) = e=
E (0, 1)

For any X
,

we can
find both treated and control

Normalized differences

Plotting

Log odds ratio



Strategy #1: Normalized Di↵erences

Big Idea:

Rule of Thumb:

13 / 30

Check if covariate distributions vary across treatment states

better than t statistic,

which

= will increase in sample size

If nd C 0 .
25

,
problem !



Strategy #2: Plotting

Big Idea:

“Rule of Thumb”:

14 / 30

Check visually if distributions "look" overlagging

# ↳
Good!

Bad !



Strategy #3: Log Odds Ratio

Big Idea:

Rule of Thumb:

15 / 30

Propensity scores should be similar between the

I groups.

Lon= log() - Comemeans eacompan

If means
>Is .

d
. agat ,

problem
-

Sta . dev



What if we have only limited overlap?

Challenge:

2 strategies:

1

2

16 / 30

We cannot get good estimates of the searate conditical

outcomes.

Need a "better" sample.

Matching

subsampling



Strategy #1: (Propensity Score-) Matched Samples

Big Idea:

Algorithm:

1

2

3

4

5

17 / 30

Construct a new sample of simila units in each treatment grony.
-

Better to match on propensing scores then raw coverates.

-

Estimate e(xi) Fi

Order treated unics by decreasing progensing

For each ,

find control unit with closest propensity (without veglacement)

Now
have balanced sample of 2 . N+

unit

Proceed as usual
,

with this as you
new sample



Strategy #2: Subsamples

Big Idea:

Choosing Subsample:

18 / 30

Only consider units with covariate values where we have

good overlay

-cht)=
i
ve subgogulation ATE

Choose A to minimize
variance of (A)

.

Generally,
this means :

A = SXEX : Ge < 1-22 ->
thow out extrem of propensity score

a = 2 . E Centres et 2]
+ 250)



Identification!

E[⌧(Xi )] = E[E[Yi (1)� Yi (0)|Xi = x ]] by definition

= E[E[Yi (1)|Xi = x ]� E[Yi (0)|Xi = x ]] by linearity

= E[E[Yi (1)|Wi = 1,Xi = x ]� E[Yi (0)|Wi = 0,Xi = x ]] by unconfoundedness

= E[E[Yi |Wi = 1,Xi = x ]� E[Yi |Wi = 0,Xi = x ]] by definition

= ⌧ by overlap

19 / 30

=
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Types of Models

Parametric:

Semiparametric:

Nonparametric:

20 / 30

Well-defined models
,

finite dimensional sears

e . g .
OLS

,
y - N(c + BX, oY

finite-dimensional ,
with another

Parameter of interest ispota function (n-dim)

that is infinite-dimensional parameter"

e.g .

Lox Proportional Hazards
,
y-fly)B , 40)

"nuisume

All garameters can spon
an

infinite space

e . g. decision trees



Parametric E�ciency

Fisher Information:

Cramer-Rao Lower Bound:

21 / 30

Give : fx(x(0) edf

E(x) unbiased for O

I(O) =
-E[@H (x]

- I MLE generally
V((x))[ I(E) unbiased + efficient

E is a

eymaticallyefficientid N(0,

ICE)



Parametric Submodels & Fisher Information

22 / 30

Semiyarametric model : f(x10 , h(r)) = f(x10 , 2) -> parametric sub-mode
uS

*dim h(2) known was to finite parameter

CRLB tells us : ASV(E) < 1
%

= (Foo For Fir Err)
"

--
--

inverse
asymetric

Fisher infor
variance for O

Goal : rewrite 100 in simpler terms



Score Function

23 / 30

=1 deriv of lig .
max

, likelihood

Let B = (0 , r)

Sp(x) =() (
Can then write Fisher infor :

F(G,
r) = (For =ESSS]



E�cient Score

24 / 30

CRLB then gives
:

(1 = Foo Fogs F Fro

= E(y(x) +(x)]

y(x) = So(x) - E[So(x) So'(x)]'E[Su(x) So'(x)] "So(X)

↳ residual from projection of so into Sp = "efficient scre"

In gracture ,
we do not know So

,
so we look over all possible values

,
called

the agentset - generally tricky to find



(E�cient) Influence Function

25 / 30

Efficient Influe Function = influence function with smallest various

EIF orthogonal to nursuce tangent space,
so can be obtained by

resling efficient scre :

g(x) = E2 +(x) +(x))) "f(x)

#m tells you howmuch
a single daa point "influes as

If E is
efficient , we soy

it is ametatrallylives :

/E-0)= (x) +(v) NO,
w

O gives "impad" of X; on



Semiparametric Variance Bound

26 / 30

Bound give by various of influence function :

E(x(xi)x(xi))] = (E2 +(xi) +(xi)
· ])" (SUB)

fo semiquemetric ,

Var(E)2 Sub

-
if =, "Semiparametrically officient"

(many such estimators, coming soon)



Riesz Representer

Di↵erentiable Parameter:

If di↵erentiability holds, we can characterize the Cramer-Rao bound via the Riesz

representer:

27 / 30

Simpler way to calculate variance bound.

② differentiable if EGC) St.

LV) = ESS(U)] Ries Representer

E20(22) OLGU] :ESC](ECS))"ECSCV) aris]

SuB

Where IF given by projection of RR on full score
function :

p(z: 2) : S(2; 2) (E2S(2 ; 03S(2,2)'])"ECS(2; USC (2)]

Can estimate SVB by just estimating each of the unknown components.
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Announcements

Makeup Lectures
May 14, 21 ! 8-9:50am GSB C105

June 2, 4 no lecture (maybe section?) ! May 22, 4:30-6:20pm STLC 114

EOY Pizza Party: Date/Time TBD (June 5-12?)

3 / 28



Hints for Problem Set 5 (Due May 11, 11pm)

Imbens (2004)1 may be helpful in finding ATT estimators

When bootstrapping, you must re-estimate relevant propensity scores for each
bootstrap sample!

If you have any covariates that are constant/perfectly colinear within a given
stratum, you can just drop them

For theoretical calculations: think about what we can add/subtract to the
propensity score to express it as the di↵erence of the covariate densities. Would
doing so change the variance estimate?

1
NONPARAMETRIC ESTIMATION OF AVERAGE TREATMENT EFFECTS UNDER

EXOGENEITY: A REVIEW

4 / 28
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Quick Recap: Semiparametric E�ciency

Goal:

Big Idea:

Asymptotic Linearity:

ATE Bound:

7 / 28

⑦ h()

N -

Given a model with finde POT and -- dim nuissme garam,-

find the best variance yosside
for Put

Considering all values of hCl
,

find best var. for O

can express asymaglite
dist . Of G as a linear

combo of influen function E c + ↓Wi ,Xi) oply

Spurs[M + (x-



Infeasible Estimators

Given: outcome models µ1(x), µ0(x), propensity score ê(x)

1 Influence Function:

2 Regression:

3 IPW:

8 / 28

Under unconfoundedness

~

EFF- (vi)-
(i) +wi

Alph

infeasible because

all rely on

Eng= M, (vi)
-MoX

Mi Mo
,

2

EFP-1-w)



Infeasible Estimators - Variance

1 Influence Function:

2 Regression:

3 IPW:

Comparison: VReg VIF VSPVB VIPW

9 / 28

Asymphatic linearity -s efficient
-

↓ (EFF - 1) Es N10, USOND)

Lar tha SPUB

Cassume knowledge of ut
more info - lower variance)

ger
then Spub

~ For wT

↳ = ↳



Feasible Estimators

Big Idea:

Variance Comparison: VReg VIF VSPVB VIPW

10 / 28

Reylar M, Mo
,

2 with estates,,

= I

d

generally prefer
-> Doubly Robust



Influence Function/AIPW - Double Robustness

⌧̂AIPW =
1

N

NX

i=1

(µ̂1(Xi )� µ̂0(Xi )) +Wi
Yi � µ̂1(Xi )

ê(Xi )
� (1�Wi )

Yi � µ̂0(Xi )

1� ê(Xi )

Double Robustness:

11 / 28

~ Atpw P

Y - T if eitherM or e emectspecified
-

consistenty
unbiased estimator

~

Solves WLS:min S
(ii-n-tW-XiBw(
&xi



Influence Function/AIPW - Correctly Specified Outcomes

⌧̂AIPW =

"
1

N

NX

i=1

(µ̂1(Xi )� µ̂0(Xi ))

#
+

"
1

N

NX

i=1

Wi
Yi � µ̂1(Xi )

ê(Xi )
� (1�Wi )

Yi � µ̂0(Xi )

1� ê(Xi )

#

12 / 28

so -O

= 15

--

E(M ,
(x) - Mo(x)] EC . ] = 0

= ECE (Yi /1)- Yico) (xix]] Alternatio,

WLS :

= E( + (x)] Mr(x) = 2 + -w + XB

E(Y -Mr(x)(X ,
w] = 0

= T
was obj = 0

u ,
(x) = E(Y(w = 1

,
X =x]
: Ye X,

w



Influence Function/AIPW - Correctly Specified Propensity

⌧̂AIPW =

"
1

N

NX

i=1

Wi
Yi

ê(Xi )
� (1�Wi )

Yi

1� ê(Xi )

#
+

"
1

N

NX

i=1

(ê(Xi )�Wi )

✓
µ̂1(Xi )

ê(Xi )
+

µ̂0(Xi )

1� ê(Xi )

◆#

13 / 28

Key : in weighed Wit Xi

--

- ECN] - ECvi]
E2.] = N, EC. ] = No

=

=weLYIv=0] Correct specification :

e -C

= E
eu



Cross-Fitting/Sample Splitting

Idea:

Procedure:

1

2

3

4

14 / 28

Deriving formal poogecties if estimate Use on separate sample from on

Conforcing independence)

Sylit sample into K folds
,
Ji = 81 , ..., k]

Estimate M(x) ,

e(x) on sample J ;

Estimate Ei(ei, i)

Average: get efficient
estimator



Policy Learning

Goal:

Policy Rule:

Desirable Properties:

15 / 28

Find optimal assignment of units to treatment

# : XeSo ,
13

A TT(x) = 15M,
(x) -y(x) - 02

Interpretable ,
well-behaved assignment rules

eg .

T(x) = 18XB202



Estimating Optimal Policies

Goal:

ATE Estimator:

E↵ect Estimator:

Policy Estimator:

16 / 28

Maximize gain
over treating nobody : VCT) = E2T(xi) (Yi(K-YiCOs)]

= E(π(xi) [(xi)]

EFF- exactly summation term fre bea

()=(

via cross-fitting
# = anymax

tagically estamented

=(a)
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What if unconfoundedness breaks down?

In observational settings, unconfoundedness let’s us “pretend” that we are dealing
with a randomized experiment.

When might unconfoundedness be violated?

17 / 28

We have some unobserved variable that impuls both outcome and treatment

-

D Ex.
Vage= 27 Bedet Ei

--

w

①-
U = ability

-



Terminology

Endogeneity:

Omitted Variable Bias:

Reverse Causality:

18 / 28

variable correlated with ever term
--

contain effects of all urobsaed components

When we cannot control for confounder
,

estimated

coefts.

will be based

Values regresser
takes on may

be determined

by function for outcome

e. x
.

regressure price 7 grive
set by demand function ,

so price

-- endogenous
outue :

demand d = D(y,
v)



Instrumental Variables

Goal:

To obtain valid causal estimates, IV must satisfy:

Exclusion:

Relevance:

19 / 28

Find exogenous "instrume" that allows us to remove effect of

confounding (V)
->②①-D
*

2 afters i only through XS
not teable longued

I has causal effect on X
-> testable ("strong

It staged



Estimation - Setting

Yi = ↵+ �Xi + ✏i E[✏iXi ] 6= 0

Goal:

Estimand:

20 / 28

①

i
Recur causal other of XoY +D+

removing bras in
naive

↓⑭
Bilis

recoverable identified
-

X~2



Estimation Strategy #1 - Two Stage Least Squares (TSLS)

Big Idea:

Estimator:

Inference:

21 / 28

& Regress X on
2

, get X

② Regress Y on Y

contains

①Xi = Go + 2 ,
2 ; + u infording

② Y = Bu + p
+sy + 4

+Y =2 +22 + Ei

Biscs- LL = (2x)" I

Under homuskedastrin : Biss-B = NCO
,

o (** )")
↳ onl, from 2 stage

Large than OL



Hausman Test

Goal:

H0:

Test Statistic:

24 / 28

If X : exogenous,

TSLS and OLS consistent.

Bab
, only as efficient te only want TSLS of really with it.

-

N : a good ,
valid IV required

-

E
,
1X: p+- Base SMS pas No, -way

t=pos e
of lage , rejecta

is

conclude X truly endogenous
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Announcements

Next Week Lectures

May 21 ! 8-9:50am GSB C105

June 2, 4 no lecture (maybe section?) ! May 22, 4:30-6:20pm STLC 114

3 / 25
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Motvation: E↵ect Heterogeneity

Goal:

Challenge:

5 / 25

Allow for : heterogeneity
in TE across units

more flexible
functival forms

-> endogeneity
- correlation with residual

Cannot FD population ATE

Can only ID At for sub-yog'n e compliers



Notation & Setup

(Binary) Z :

(Binary, endogenous) W :

Y :

6 / 25

Instrument

SWi(l) It 2 =1

Wi = W
:
(2) = & Wills if zo = 0

Y = Yi (wi) = Yi (w(2)) =
Yi(zi ,

wi)



Key Assumption: Independence of Instrument

Zi ?? (Yi (0),Yi (1),Wi (0),Wi (1))

Conditions:

Randomization of Z :

Exclusion:

7 / 25

- IV does not direct
affect outcome

Cnonparametric assumption)

2 (Will , Will ,

Tilgo), Tille , (1) ,
T : (l ,)

-> not testable ,

must be argued

F22
,

w : Yhz ,
v) = Yila,

w)



True Compliance Types

Wi (0)

0 1

0 complier/never-taker never-taker/defier

Wi (1)

1 always-taker/defier complier/always-taker

8 / 25

Zi = 0

neuer-taken defiers

complier always-takers
2i = 1



Observed Compliance Types

Zi

0 1

0 complier/never-taker never-taker/defier

Wi

1 always-taker/defier complier/always-taker

9 / 25

neuer-taker/complies neuer-taker/defier

always-taker/defin always-taker/counglis



Monotonicity

Goal:

Assumption:

Zi

0 1

0 complier/never-taker never-taker/defier

Wi

1 always-taker/defier complier/always-taker

10 / 25

Disambiguate type of unit from (2i , Wi]

Monotonicity : Wi(K - W, (d)
ze no befiers

- ↳ always-/never-takers

d
< Es compliers

sometimes testable

more plausible
IV incentive

when -

neuer-taker/complies never-taker

always-taker/counglis
always-taker



Conditional Means

Let proportions of compliers, never-takers, and always-takers be given by ⇡c ,⇡n,⇡a.

E[Wi |Zi = 0] =

E[Wi |Zi = 1] =

E[Yi |Wi = 0,Zi = 0] =

E[Yi |Wi = 1,Zi = 0] =

E[Yi |Wi = 0,Zi = 1] =

E[Yi |Wi = 1,Zi = 1] =
11 / 25

To 2 FR The
,
ic ,

in = 1- ia-th

-
Ta + Te

ECTE 2
ECY , (1) (a]

ECYild) (n] F
ECYC(c]



Estimating Complier ATE

Why only compliers?

Estimand (LATE):

Estimation Strategies:

12 / 25

Only groug
with members in both treatment

grouns

LATE = ECY ;
(1) - Yo(O) (complier

Use previous conditional means

ILS



ILS Estimation

Y ⇠ Z Slope Coe�cient:

W ⇠ Z Slope Coe�cient:

Ratio:

13 / 25

COLS)

ECY : 12:1) - ECYi)2i =0]

(E2riC) (c)2
+ ELT: cos(n) an + ECTiCK(a)a)

= ECYC1-Yicos(c] it
=

(ECY ; (0) (c) +c + ECYiCO)In] in + ECYi(1)(a) iTa)

ECWi (2 ;
= 1) - E[Wilzi =o] = i

=-l



ATE Bounds (Binary Outcomes)

Goal:

14 / 25

Partial ED of full pop'n ATE
--

~

~

ATE = ECYi/K - Y:0)] = ECP, 21) -TiCO(n]a + ECYili-YoCos (n) in FECYiCK-YPOSI] in

- cannot estimate ECYiCO) (a)
,
ECYi(1) In]

LB: ECYi10s (a) = 1
,
ECTiCDIng = 0

uB: ECTiCos In] = 0
,

ECTiCKIn3 = /



Unconfoundedness Analysis

What if we (mistakenly) included Z as a control, rather than an instrument?

15 / 25

Wit (Y : 10)
,

Y
: (K) (2 :

Did estimate ,
after adjecting for Zi

,
becomes :

ECY: /Vi = 1
,

2
,

= 1] - E2Y : /We = 0
, 2 = 15 = ECYiC /V = 1

,
2:21] - ECPico) /:0

, 2011

=>EYEY -E

-
not causally interpretable
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“Weak” Instruments

Challenge:

Goal:

16 / 25

(F- stat < 10)

Standad asymytries generally rely
on nonzzo condation been

--

RV and endog Stray 15 stage

28 corre = 0 , approx inaccurate even in large samples

Adjust s.e. to allow for this violation



Conventional Asymptotics (Fixed # Instruments, Fixed Parameters)

LIML vs. TSLS:

Just-Identified:

Over-Identified:

Standard Estimator:

Concentration:

17 / 25

E (Butmz-Bisis) -O S .

C
. should be similar

( Cjust besme wider
# IV = # endog z 704r

(I not uniformly valid
,
but still "decat" coverage in "reasonable" regions

# FV > # endog
CI Potentially very misleading (especially TSLS)

i
# = iT"Es - strength of instrument

weak : x + G



Stock-Staiger Asymptotics

Big Idea:

18 / 25

Let 1 stage garam, dengend on sample size:=

Then
,

X + c
? V(i)

Demonstrates that for any
sangle size

, coverage can very a low for

desired level.

Suggested methods for uniformly
valid [As .



Alternative CIs

Goal:

Anderson-Rubin CI:

Kleibergen Test:

Moreira’s Similar Test:

19 / 25

Provide uniformly valid (Is



Many Weak Instruments

2 problems:

1

2

Main take-away:

2 strategies to adjust standard errors:

1

2

20 / 25

Bins in stacad estimators not fixable via bootstrae

Misleadingly small s .
e.

LIML works well
,

but s.e. must be adjusted

Bekker

REQML



Bekker-Adjusted Standard Errors

Big Idea:

21 / 25

-> generally recommended

TSLS is not consistent in large sample
,

but LIML is

-

Consides new asymbles to derre uniterly Valid CRs

Bebber = (VLIML) (increasing # of instruments)



Random E↵ects Quasi Maximum Likelihood (REQML)

Big Idea:

22 / 25

Model 15 stage coefts
. Th as iid draws from N(M+, on

Assume joint normality ,
normalized Zi

,

likelihood functi :

L (Bo ,
Bi

,
To

,
My, , r)
-

6-garameter grobem

TSLS : posterior mode given flut prius (1)
-

LIML: My = 0
,
ot know

-

Corrections REQUL
corrections generally logen than Bakker

,
because ML

-

estimater for of will take into account noise in if
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Announcements

Last section: Wednesday June 4, 11:30am-1:20pm, GSB Z301 (in place of regular

lecture)

Focus on exam prep, review + practice problems (?)

Last Problem Set: HW7 due June 4, 11pm

Final Exam: June 11, 8:30-11:30am, 200-002

Pizza Party! June 9 (exact time TBD) - RSVP by June 1

3 / 26
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Panel Data

Key feature:

3 main types of panel data:

1 Proper Panel:

2 Repeated Cross-Sections:

3 Repeated Cross-Sections with Multiple Groups:

5 / 26

Observe both units (i = 1
, ...,
e) and time periods (t = l

, ..., i)

Yit

Observe same
unils in each gard

Yie ,
i = /

, ...,
e

,
t : l, -

,
F

Observe different individuals in each time gerid

Y for iil
, ...,

N in period T:

6 :
= groug assignment (treatment /control

Same
,

6: (1, ..., 63



Key Assumption: Parallel Trends

Big Idea:

Testable?

6 / 26

(2 x 2)

Untreated outcomes garalle across groups
2 untreated-Att

de
in on

t

dirata ess by checking if parallel gre-treatment



Repeated Cross-Section, 2 Groups ⇥ 2 Periods - Setup

Observed data:

Treatment assignment:

Modeling Assumption:

7 / 26

(Yi
,
Gi

,
Til

d 4e80 , 13

Eso , 13

Grow I is treated in yered

Wi = Gitc
,

Yi = (l-wi) Ti() + WiYill)

time
effect

e grome
effect

i can add covariates
M

Y :
(0) = a + BT;

+ VGi + E
, + 55X:

Typically assure constant e : Y:
= < + Pri + Ubi + -Wi + Es

If I heterogeneous ,
identifies average

effect



Repeated Cross-Section, 2 Groups ⇥ 2 Periods - Estimation

Estimand:

Estimator:

Variance:

8 / 26

treated group

-Did = (Equilbi = 1
,

Ti = ]- ECTilGl , Those
evolution

ATT ·

(ECTilbito , Ti = 1] - ECTilbito, Ti =o])-cone an
-

evolutio

Did_ - T - (Ta - Too)

min
& (ii - > - BT

- 26-
-wish-bornequivalent

, B ,
r,

in

V (E)robust
Under homoskedasticity : G= = G= m



Proper Panel - Setup & Estimator

Observed data:

Modeling Assumption:

Estimator:

9 / 26

(2 periods)

(Gi , Yio
,

Yir
,

Wir
,
Will

Y = 2 + Bt + VGi + -Win + Eit

Could do double difference

o

Yif = M + 2 + pe + -Wit + Eit
TWFE

↓ f

fixed effects



Parallel Trends vs. Unconfoundedness

Unconfoundedness Assumption:

DiD Assumption:

How to choose?

10 / 26

In dependence conditional on lugged outcomes

Yo 1
- Yio = C + Yo + -Gi + Di

Y 1
- Y = 2 + E6i + Ei

Unimfoundedness allows for flexible estimation of B

But DiD assumption Yor may
be conducted with E:

-

>~tresult:met, but estima DiD,stim2
yi on a



Changes-in-Changes: Continuous Data (2 ⇥ 2)

Motivation:

Modeling Assumption:

Estimand:

Estimation:

11 / 26

DiD sensitive to transformations of duta
,

functional form

sunobserved

Yi(O) = h(Vi ,
Ti) ,

h() strictly increasing in

Vit is 16: - distribute of Us vary across groups ,
but not time

Vi = biTi

E[Yi(D(6: = 1
, til] - ECTi1o)6ia , Ti = 1]
-

- estimate distribution
observed

Fico
.
1
(y) = Freos

,
10
(Fi

,
oo
(Fasa

,
a
(y)

d + L

observed



Modern Approaches: DiD With Heterogeneous E↵ects, Multiple Groups/Multiple Periods

Big Idea:

3 proposed estimators:

Chaisemartin & d’Haultfoeuille (2020):

Callaway & Sant’Anna (2021):

Sun & Abraham (2021):

12 / 26

In these settings ,
TWEE # DiD if effects heterogeneous

Weighted aug.
of 1-yered ahead

DiD estimators

- never-heated may be fundamentally different

-> constant additive effects more glanside in short run

Compare evolution of outcomes to

L never-treated
I-period ahead grung
may miss long-run

effects
Similar to CS

, allowing
for comparison to

&

last-treated gray if new-treated unavailable

All require addition/modifical to yerale trends
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Setting

What kind of panel must we have?

Estimand:

13 / 26

Enpar
# etWit(M-Tis

i , t

En cess with I end i treated in 1 period
T

,
this becomes :

- = V)
- You

observed unobserved



Vertical vs. Horizontal Regression

Goal:

Vertical Regression:

Horizontal Regression:

14 / 26

Y +
(0) =

T-1 obs , N
- regressors

C . g .
SL

Main idea : similaronly behave similarly (stable relatinging across time over unds)
-

N-1 obs.
1

+-1 regressors
e .g. unconfoundedness

Main idea : histry exiglas
all (stable relatashe across umis our time)

-

Takeaway : If T large,

N small (fat) , go
vertical

harron hal
- Rf skinny , go



Synthetic Control - Assumption

Factor Model:

15 / 26

Assume movement in outcome is summmired by shard

latent factors

Yip(0) = M: Xe + Eit

↓d

loadings fact
values



Synthetic Control - Estimation (No Covariates)

Ideal:

In Practice:

16 / 26

Match unis based on
factor loadings

N-1

Eve,
=Mr - unobserved M

-

je

Instead math on gre-treatment outcomes

(0)= =agmine
We A



Synthetic Control - Estimation (Covariates)

Big Idea:

2-step optimization:

1 Outer:

2 Inner:

17 / 26

Use coverials to "imgate" missing lagged outcomes

If all lagged outmes
, yields case with no covariates.
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Synthetic Di↵erence-in-Di↵erences

Big Idea:

Estimation:
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Merge insights from DiD and SC

~ spid

_ agmin[E(Ti--Ww.2
--

us J
SC

DiD weight time

d periods
weightands by

by similarly recency



SC Inference

Challenge:

Placebo analyses generally used, but still have a choice to make:

1 Placebo on Units:

2 Placebo on Time Periods:
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If Ireaked i,t ,
no averaging so no ChT

Both are valid on average

Use verson for dimension wilousticity


