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1. General Info & Logistics



General Info

m Email: amar.venugopal@stanford.edu

m Section: Fridays 1:30-3:20pm in 200-303

Office Hours: Tuesdays 12pm-1pm, Wednesdays 3:30-4:30pm, in Econ 149

Section Questions: Question Form

Lecture/Section Feedback: Feedback Form

Note: please use office hours to ask questions about the material, rather than
over email.

For the entirety of the course, section materials are drawn heavily from those prepared
by Lea Bottmer last year, as well as from some materials produced by Merrill Warnick

in previous years.
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In order to foster a healthy, inclusive classroom environment, we will all abide by the
following community norms:

m One microphone: we will allow everyone to finish their thought without
interruption

m Everyone got accepted to Stanford and is here for a reason. There is no need to
prove anything to anyone.

m Asking questions is a great way to deepen your understanding and resolve any
confusion you may have. It is not a signaling device.

m There is no such thing as a stupid or dumb question

m Questions asked during section will be answered by the TA

424



Homework

m First problem set due Thursday Jan 15, 11:59pm

®m You may work in groups, but you must turn in your own submission and note who
you collaborated with on any given problem

m For easy grading, please submit only typed or scanned/electronic handwritten
submissions (no photos of paper please)

m For problem set-related questions, come to my office hours or reach out to me
m | will not respond to problem set emails sent on the due date
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Hints for Problem Set 1

m For problem 1, make sure you remember how to use matrices and matrix
multiplications (e.g. matrix derivations if you use matrix notation for some of the
subparts or generally how to take the inverse of a 2 x 2). In the last part, make
sure you use the fact that x is binary.

m For problem 2, recall from the lecture to please not use Excel or Stata for this
problem or even any packages in Matlab/R/etc. We want you to implement the
OLS estimator from scratch!

6/ 24



2. Statistical Background



Properties of Random Variables

Let X, Y, Z be random variables and M a (constant) matrix. We then have:
= Linearity of Expectation: Exy[X + Y] = B, [x)+ Ey[ 1]
a Covariance: Cov(X,Y)= E(x1) - E[xJELY]
m Cov(aX,v) = 4 Lov(k )
m Cov(X+2, V)= [ov (X, 03¢ (ov (%) s
a Variance: Var(X) = (oo (%,x) = B (x* )= (E0X])
= Given a matrix M, we have: Var(MX) = M Uor(x) M

m Law of Iterated Expectations (Tower Rule): E)((‘ X\ = E‘[;EXCX\ \{]‘B
m Law of Total Variance: \/M‘ (/Y) = \/MKE(,YW3> v B L\/W‘[,‘(H)’}
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Convergence Concepts

Let X, be a sequence of random variables, with corresponding CDFs Fx,.

50X
m Almost-Sure Convergence: "
C‘.M IXV\/X[L£>“
vg? O / P n- o0
m Convergence in Probability X, — X

\Fea0, | PLIx-xl2e) =0

mzﬁ
m Convergence in Distribution: KV‘

[:v'\ th ><> “- (X)

" (,‘\\‘ A\\ X& . her ‘“X/Y) Lo .nwu)

)
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Key Theorems

m Weak Law of Large Numbers (WLLN)

2 E L=

m Assumptions: YC -
n P
t:

- N Ki —>
m Result: X:bv\(_XL/)'_ 4 '2\ /A

\/w()(.» S

m Continuous Mapping Theorem

o X, gl
)

finuows

m Assumptions:
)
m Result: 9[)(“) > %LX
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Key Theorems

m Central Limit Theorem (CLT) Ty [x.
\=d = 6 Y\.'.l
X (i Y} ECK(] :/M_/ Vl{(X(B ) X "

m Assumptions: X. )
~ d
m Result: X -~ S [{) \>

m Slutsky’s Theorem
. ‘x - n
m Assumptions: W /

m Result: X, * Y',\ ™ YA )
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3. ldentification & Estimation



Population vs. Sample Distributions

P > ?ufub\lﬂm Jigkrbuhion ()h :‘_Sa""f“'?' dishbabim
G
fru‘o- \'\"u'\f
’ ?
| "
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m Estimand: D\a)r(c)‘ o inbevest” o@ eghwmatton 45 o fv‘f’mtai\rw

1,,(«1\:““\/
CFMALH”’\ 0" P@->

: esHV"““"/A‘
m Estimator: Suv/lfl& 511/\““4“”"/\‘ D(’ H"Z

CFW\LHW\ pc‘ ()n’)

Yo when Wil
MA
m Estimate: /Vuw\(,pl[, Julwt p{' 69}

f\ua, w daba

12 /24



Y: %} k) =
Structure, parameters
W“’A(’\' L Him
(1000 (UM T
Tl

Population distribution
of observables

Data

W

13 /24



4. Properties of Estimators
m Finite Sample
m Large Sample



Running Example: Average Treatment Effect

m Average Treatment Effect:

S RCRARE

m Difference-in-Means Estimator:
Y
- Yo — L2

A Y
T o= 0, Joxt dg=o
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Mean Squared Error (MSE) Vear C;) = EL(/:’ EL;>)13

~_ 1
Definition: /15 [2 C/I/l‘> = \1&[6/‘“ M) j

What is the MSE of 77
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Mean Squared Error (MSE)

Definition: § e avove

CMW}?“S”S
[}

What is the MSE of 77 _ LAYy Ve (5
)} | emwu /V\Sl'r‘,('v); B
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i : . /’,\:2 RZX(
Definition: ~  |""&" &> Ja;
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Is 7 linear? Y, n, T
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Asymptotic Normality <W\ = mg\g\~0n\->

d rA
£ ) ;- ’N(f), o )
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5. Practice Problems
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1. Announcements



Announcements

m Midterm exam: finalized for Monday Feb 9 (during lecture)

m If you have OAE accommodations, please upload them to the form announced on
canvas so that they can be taken into account for the exams

m Optional Lecture on Friday Jan 30 (same room, time as regularly scheduled
section)
m Lecture content (econometrics with incentives) will not be on problem sets or exams

m Makeup section earlier that week
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Hints for Problem Set 2

AX =€)

m For problem 1, think about what possible values ¢, could take to obtain the full
probability distribution for ¢;. Then use important properties of the expectation
and variances of random variables (and their sums) for (b). To show that the
variance is minimum for an estimator, there are two ways: (1) show it directly or
(2) show or argue that it is the OLS estimator.

m For problem 2, think about our general idea for solving for estimands: 1) use the
optimization problem directly and plug in your true model somewhere or 2) use
what we know the estimator converges to and plug in the true model. You will
need use the fact that x ~ N(0, 1) somewhere.

m For problem 3, remember that there is a difference between deriving the
asymptotic variance ¥ and the asymptotic variance of the estimator 5 (namely a
factor of N).
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2. ldentification Revisited



What is identified?

e O L1, V0 e Yo 1~ e g 1(%) o)
(150> Yo%) - /
9 'y Mu/h rAMH@H(/A
FV*"\ W JoiV\L- dik v J{ (Y)\/)/ , "'{
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3. Review: Matrices



Matrix Notation

- . — k)
Duda Ly, X)) Ul (. el
— J. J* C
|3
< -
g€ |2 % e

Y, | e\

Y"‘ - XnM
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Matrix Properties

Let A be a matrix. Plr‘f‘f‘ﬁ"" d(; 41‘;
’_\)
m A symmetric <— /)(:A—( @ T co\unwns N A

- [(nrz(\7 s

&__,_;—’ A(-: (_ATA_)—(AT
A -\ = @ Nr " \MDA/ ""_‘Ii"f
A right invertible < :3 A AA L e Atz A’ L/\AT>

@ A
KA

-( -t _ T
u A left invertible <= 3 A ¢ A A= L

Ainvertible <= YA A4 AN =T .
A sanee DAAA=A  ©AA4 =4
AT pseudoinverse of A = @ (A/H’)T: A4t @QM)T:A*/}-

XTAX 20

/

m A is positive semi-definite <= \"X 20
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Matrix Rules

Let A, B, C be matrices.
m Addition is:
s Commutative

m Associative ( 4v)rC =

A*67 'ﬂ\'/ﬁ’
A (Bred

m Multiplication is:
- ACE KL
m Distributive over addition (,/H@ ez A

= Associative (1) (_ = ACBL)
m Transposition is:
m Distributive over addition (AP‘?) = A f 8\
m Distributive(ish) over multiplication (A-g) 5 A‘
-
) Invlergz:rllljutlve(lsh) over multiplication (4‘\3) % A_
m Swappable with transposition (A ) (A_—(>
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Matrix Derivatives

Let y, x be (column) vectors and A be a matrix (and assume all the shapes work out).

-y:Ax:>g§:A A:YTX
Y
o !

T
la:yTAx:> %i‘: \/ /’\'

da _ XTCA*AT>

N oo
BEa=X Ax:>8x
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4. OLS: Things are Nice
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Estimand: “Analytic” Solution

Note that we can write 3 in the population as:

B: E_\(,Kx‘} € (xy )
—
g (o) E

- E’(EK‘ B € ij)
(/ = 0
_ E(_E(_mhﬂ)
- g = E(’,x EU/‘L?D
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Estimand: Optimization Solution

Recall that OLS solves the following optimization problem:
T N2
‘139 my?vﬂmk E{[)‘-x‘a’) ,)
Le

We can then writae: ) 2 E["X (\/' XTﬁB—} =0

o 5y
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Estimator: Analogy Principle

Porpalat 5 ETA ftxﬂ

]g— G Lm« 3\,&«/]

- (* iu\ > (m %\X[YC>
:O(TH X' y

5an7~lc '
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Gauss-Markov Theorem

Under these assumptions: Mo 2/"_“?& ¢, U [ebd=0 /\/N[UX) 7 ot B
XTX ']y\'vtr}‘n-l(

OLS is:

m Best
m L iner
m Undiwd

m E jhwibr
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Proof of Gauss-Markov

Lo f= Ly, V06 (=0 xf‘x% 3
Unbix KA.CL{N’B ECCQ E({xn x o0 ( X?‘i)g/w/
T (o e B (DR T 0)E

— ) xTx g Dxf = (T, +05 )P —0x=v

'\/a/\wu \/M‘([-;‘X‘> V“CCM@ ( Ve y\k)C\ < O (,C‘

((X X)F\XT\*D>L7( (x" %) ) >

. - R 2
= o/l([_XTX) t+ DO\> = \/k(1317> t oo O
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5. OLS: Things Fall Apart (?)



Relaxing Assumptions

We made 3 key assumptions before:

B\ =0

\}W(L\*B:OL
E(‘_KYT} ‘(-V\JtrH')o\'L

2 of these can be relaxed to allow for:

/\A;sgfww\'f"“: LL‘/\YB.§< X (/( &Rj‘vfl;j

2 )
. 4 BRAY
W e& bas kehastidy - Ver (1) & & ) . C (’“‘S

L5 news valbr: Samdwith For paslecs
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Theorem: Best Linear Predictor

/3 = wegrn EE(ELY\'}‘UHZA = & oY B L)
L

Lt (,\r\wyé

folL WS, Efxﬂ‘o
Qgﬂv\i: ¢- 7 X ? \ [ﬁ ”
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Estimand Under Misspecification: Excluded Variable

"
What if there is some unobserved variable that impacts y linearly?

Tree Y }4:(30 + XFI Y V\}gi t i ELLI K,“’>7 0

Mgl 1" Y %*Wl i
[ov
[ F ?L or(x)

= OVE  wnsg LOVLM/&:):O o )gl:é

—
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Frisch-Waugh-Lovell Theorem
P ¥ Lo m\’\/ cae A " & 1 e ressor
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1. Announcements



Announcements

m Optional Lecture on Friday Jan 30 (same room, time as regularly scheduled
section)

m Lecture content (econometrics with incentives) will not be on problem sets or exams

m Makeup section on Wednesday Jan 28, 4-6pm, GSB M104

m Office hours next week: Tuesday 11:30am-1pm (Landau 149) (Wednesday OH
canceled for section)

m No problem set this week!
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2. Linear Regression: Cluster-Robust Inference



Panel Data

Motivation: Swyfh&f Obse Savrc mdvidedlc  af w o ple DOML T Fiwee,

Talivitals ¢ culh st T, B

7 \“
' e b 9oy
Kic — @FM“”A/ )"Slr hove n ¥ d 7o

Ky 5 0 —_
P Tk an enrelahed  versims
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] )
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= Model: };, = X B4 gy

E("(ik £5k3 20

> \ \ y C(j‘ﬁk_g
m Sample: SMM\‘? ,V\All/‘féxu.h y ndyr '}'W\’: Q

CYE}\: ~y st . Kev, -, xor>
(Y\r,---}\/n— , x((,—/Xlr)
p

Crvll\ -1 yn'r, xn(' Yy Xw\'>
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Estimation: Pooled OLS
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Asymptotic Normality
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3. Intro to Maximum Likelihood Estimation (MLE)



Big Idea (Normal Example)

= Model: 2 ~ /l/ (/4/ cr'L>

m Sample: le..., 2 ,'3 (/1/ "v>

N

’V «ﬂ Lzo
= Likelihood: | (/o) PUW\ WMB

sy g D,

m Estimator: (
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Conditional Log-Likelihood

Let z = (y,x),y|x ~ f3(y|x),x ~ gg(x),0 = (B, ¢)
Dofiatm A cmdirowl rnw\al.l_/ -F (7),,> = \/Ik’) "ﬂ¢(><)

L() T-r 7’>_‘ t,\ Ig[)’klx") %@(Kt

Talw 998 + C\/ﬂfyi‘\'\"‘a

K v (Kl
2(8) ® ?L—(Q>— i(o? P7ll'\ ¥ 33¢

10/21



An Algorithm for MLE
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Estimation Example: OLS

Let y = X8+ ¢,¢ ~ N(0,02), 52 known. .
What is the likelihood? — 1 Zot
< ¢
e y-rd - Nﬂ/(x/ﬁ/,«) 2L SZaor
What is the Iog—llkellhood7 C 'M'E)l
l(ﬁ> = ?’ (JZ 2 ' )
. N1
Simplify ,\ [ W B (}’i ¥ if)
— u?_ > 202
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A min Z(YL —X¢ ‘?)
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Estimation Example: Logit

Let y € {0,1}, P(y = 1|x) = (1 + exp(—x ' 8))~!

What is the Ilkellhood =ye

LB = il ) ( uc'*">
What is the Iog—llkellhood7

LIR)= é log, [ (7 U— v -w) 3
Simplify _ | . e

2(p)= i il ( 7)) 4 (\7‘)\”7”[ Ll ")

= é - k”ﬁr (\FC )r(-'ﬂ) ! (\ 70) RD?( “5_"5 (_ - IZ>
R S
/Blug—'l'{' /7 L2
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4. Practice Problems
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1. Announcements



Announcements

m Optional Lecture on Friday Jan 30 (same room, time as regularly scheduled
section)

m Next week, schedule goes back to normal

m Midterm Monday Feb 9 - Section 5 will spend (at least) some time on review

3/21



2. MLE: Theoretical Properties



Extremum Estimators (M-Estimators)

é\ o gvymeX thg)
e

. MLE:
E(/MCE;' o) = It

e
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Convergence of Functions

A ' | LAU\.’
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USeful Lemma
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Theorem: Consistency

Assume there is a function Qo(#) and a vector fy € © URX such that:

@olb) ) \»M‘{MH worimid 2k Bo

@ (o™ Tad'

g, (6 tmhneeg

A .f f-ﬂ’\’— to &0(9)
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Influence Functions + Asymptotic Linearity

ghe)ﬂ, Z)l’[aL) roopt)

(¢ ['f’ (2)):=0
e L“ﬂa\lj ¢ 0

Asymptotic Linearity: ﬁ\(

Qnﬂf) Py’
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MLE Influence Function

) - }102 Fé (=

Score Function: sle;® Yo

v =0
MLE FOC: -\~ S sleei®) ~
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MLE & KL Divergence

Kullback-Liebler Divergence: ?(ﬂ
DIL\, ( f ! 7/) = 5 L\D? 57:31

Maximizing Likelihood = Minimizing KL Divergence:
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3. Panel Data
m Fixed Effects
m Random Effects
m Difference in Differences



1. Announcements

2. MLE: Theoretical Properties

3. Panel Data
m Fixed Effects

4. Practice Problems



Modeling Assumptions + Estimator

Modeling Assumptions: yu . Kie{p + .4 £

Da\u daess ,ngit»l"iu lrw)v%) =0
/quy have (lov()(;h 71) % 0 L

Estimator: (/}\F\“ ’ 6. '7 ) B, ;M}

Fou- 2. : i 2 ’)—X;(, (.}':‘I-' f&{z V)() =J 73; :
— B 4 - )
BN i YIF it

—( L €2

-%JBF\;_: <£ % U'H-‘;z\ (kit-")?(‘) > [%%(X\'s‘;()(y,'(__)-e)) - y_;_ _ ?LIF
¢

lon dlow agdy FYL gob suve Hupy

/21



Asymptotic Properties
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Modeling Assumptions + Estimator

Modeling Assumptions: 72&: G EI {Z /A K

EEL‘"P\ Ko, = o Xic ,753= O E[V[\x“, “ X(‘r] = A

Estimator: 7. De e emr Yenn, Wip * k= Lo tye
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1. Announcements

2. MLE: Theoretical Properties

3. Panel Data

m Difference in Differences

4. Practice Problems



Model: Two Way Fixed Effects
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Key Assumption: Parallel Trends
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1. Announcements



Announcements

m Midterm Monday Feb 9

m Usual lecture room/time

m One-sided formula sheet permitted
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2. DiD Extensions



Staggered Adoption

Big Idea: (),bleft  unailg kgt YTOC\‘H\V bkt ok gl s
0. = 12 Bme paid w05 breabed
/+L,ml.,:ﬂ?f breadmenY
Ex. 2 x 2 DiD with staggered adoption

= (E (yle=2, 72} - Ea (ylest, ei:z’l\) - (Eh[yléﬂ/ec=0°]~E“[;-|‘»=‘,f;=°ﬂ>

TWFE: bt

[ Dt
TAR 2 "Cl,\:]—%’ﬁfa”u} + ZL?,?%'ZCL by t€

t
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Event Studies
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What if we are misspecified?
Relied heavily on 2 assumptions: L\__

e-

t

t\ow\aaMCM T G
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Effect Heterogeneity - Simple Example

Specification: .= d¢T * K /f tEe
(.)JLY 9,4~ J)

s(3;- ' TN
Estimator: =~ ¢
T L e Y)

Ve 3-3)
Alternative Model: ¥ = & %a v Ptée

§ (6% T) AT

Estimand (Under Alternative): —
A.,—-7J- écél P (LT K hEd - Sxr)d
E ({—c x. s 'X E N
“ é_u{’r 7) LAY
i ZVvi
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Effect Heterogeneity - TWFE Binory Yk ok

Specification: 7EL— 2 Ak IZ,E t éEQ T e

Estimator: /\2: Yoy [pMUTﬂPA
Alternative Model: Yo = >t Pe Jio e tieg
Estimand (Under Alternative): Eﬂ: ré \ (deq, Tu,)at) = E‘_\ T Vit
> squ vt \:Mw:pm“ j:\"az\ , M@«:i
378
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3. Midterm Practice
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1. Announcements
2. Synthetic Control
3. Machine Learning Intro

4. Practice Problems
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1. Announcements



Announcements

m No class Monday Feb 16 (Presidents’ Day)
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2. Synthetic Control



What kind of panel must we have?

0 \ o0

Vroper  gin Wz |©eY -2

oo |

Estimand:

AT Vi (Yo, 00 Yeel®)

— ATT_ .‘.,b

v 7 — VaYa
5 Wy (0 aeed B

oHeetd o< vkt

ut
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WAzt sh
wnts A s

Vertical vs. Horizontal Regression

Goal: Tmfu\'“/ /ngvvm\'é YNT[D>

Vertical Regression: T-\ ¢ /u.(v,;
/

4)}
¢y S K

Horizontal Regression: //-\ 5. | T V?‘” JEN
v (N xowﬂM\tU )
“v w. ¢4

)
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Synthetic Control - Assumption

Factor Model: Assuwe  Mouenmest ™ pufoome gummertit by chadd [elet Fectas

.
T (0 = AN, F &

\,\/)W (IVW:“‘-\*S' TX . 2~{
Vi (0= S;* o 2y YA
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Synthetic Control - Estimation (No Covariates)

Ideal: Myt on fm,\'vr \méw?s-
I
z l/?)). M My
3z

In Practice: Mutd o pre - Seeakme oukeomes

1! _ Y.

¢ /Vé ) \( Y avronwin 2 (Y/J(, 2 Y, )l:j
= Ww. n© W < a ‘ 3=

'Y/\/T (0) : A ) T W eA/v- [

717



SC Inference

Challenge: \ivvn 1 Accad  wwir | wo  wverging =m0 CUT

0?&(\ (LLACS\'\ wA
Placebo analyses generally used, but still have a choice to make:

ve Yeuted , eshae SC Fi honid

wnrr pein

H Placebo on Units: th\-NM ?Y"f”’g cahn
N
VT o i(‘f “Nee)

Placebo on Time Periods: T}cu
Perhd , cshmde 3 C Sor drwe Preand

L A 1
A g (Yw{ i)

R R IR FA

?{L\‘e«'l cach f)em'p_\ 12 W }Mmm{—

i
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3. Machine Learning Intro



u nd
Training Data: (\/,,K,) , T (Yn,X,,) (ossume 13

Prediction: Swesne frw £¢ =Y

Gosl ,()i = “"‘7*"‘“" A [ g(*)/Y)
- fe 5

(Main?) Concern: DM
2 ]
(j\u/'- Nnev- [y)\.x,> L Hx')? v

! o T aik eallg
TET 3 hw ot imesanft, Tens T e
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ML with Linear Models: Regularization

Big ldea: Prﬂ*'w\' wleAs &\\rw\ ?J(\é.w? b Lav'\fJ“ L/ f&/\a\m»?, ﬁ,wv-(ra\(*”7
e g 3 0s ) Pt D

12

Ridge (L2): {Znuly (ﬁ) = \l,flli g Jé 8"

Lasso (L1): ?(M\\\/ (tg> = ]9\\, = 2 1(?'3\

)'.'-l
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Decision Trees Clussibitabim

Big Idea: (o, «q win ol paleg b iy Y doba

0.9, cimmdst o (87
S“\""7 > JuM
y V .
wies oA flowme
/ N

(A >

Cs

b oA wre ok JoBe sEi,

}
How to regularize? [+ dept , ™"
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Random Forests  Cpopale.  meHod

Big Idea: TrﬂS\‘U/&' dﬂ\ L_;"(tv"\'? “)\40~ q’ e, ”9 fw"‘ N e ~ #W(ﬂ‘“\

-

e e Wem vore™

T"eo\ \_ru = ng
o 0.5 oz
~ Al /

o-2

How to regularize? Cl«amo,,, ¥
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Neural Networks

- Yadea 2 Ouhewt=
T gl Hildow 4
O ~
/ 0 O
\ 0 (M ¢
L (2 > (0 (2t gt») w 2®. OL[”|- (N %
h =% 2 A 1-8 L‘(D) 2 T2k b i ,
- By (D
(4 U)( u) L‘('D— J(D(%m) Y=o [z )
h -0 2 ;

-

S 6 SRV, Sy o]
How to regularize? 1 (.., B “‘“"'S/I“YV, pemlly )rmg? dropyut
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4. Practice Problems
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1. Announcements

2. Unconfoundedness, Propensity Scores, & IPW
3. Model Tuning

4. Multimodal Data

5. Practice Problems
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1. Announcements



Announcements

m Problem Set 4 due Thursday Feb 26
m Jann’s last lecture Monday Feb 23

m Luigi starts Wednesday Feb 25 (time series!)
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2. Unconfoundedness, Propensity Scores, & IPW



Experiments — Observation

How can we identify causal effects?

m Experiments: ﬁamé\m\zﬁ?w\ Jﬁ Jreubwmrnt

@Observational Data: Tf“‘\."w‘/}' No [""‘ﬂ‘f Yendowy

[Qoal'. as —‘.t- h Y‘W“M\ov*i»‘\hm'\

w(mﬂwwws
1"
0\/6(\1*’(‘ 4/19



Unconfoundedness Assumption

Also known as “selection on observables” or “exogeneity”.

Definition: \’\/C ,L CYE(0)| Y;(\)> \XL

T nwweat
ObservMeyg  muy g udk et waf atsiy

oL
,’l(g'ilr' \/‘MMAUW\

\Zb‘»', (,M’,}.'Hw/\ M u"ﬂ""‘ )
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Propensity Scores

= Motivation: Ui wbmwns X P37 Kewx5) = 0

m Propensity Score: dx) < P(\/.L: [ lXC"O
- 750-%“"”4/ R L, seledw m o\.scn/*L\fs

m (Alternative) Unconfoundedness: \,\[-\ 1 ({Y;(“/ Yl(‘)> \ €
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Assessing Unconfoundedness

While unconfoundedness is not testable, its plausibility can be assessed.

2 assessment strategies:

GS‘\“‘M“A‘/ gm M ?Sf“ﬂ\b DV\}(U“’t

Coapdt oMtk o qsesdo skt
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Identification?

Conditional Average Treatment Effect (CATE): 7(X) = E[Yi(1) — Yi(0)|.X; = x]

Goal for ATE ID: 7 = E[7(X)]

Let's see:

=

\I

—E{ECY

?

=T

t ( (%)) = t Y_ B[ ti00 -1 b [xify]]
L {lE\:\“‘\M\ Kix\- € (taro (K¢ fx])

EE[Y;U) | Vi=

|, Ko\ - E[\,‘fa’”)lwt"’"‘l’x'l}
e, K k_} \_EY\v(m 7(‘7)(1]

\511'%/ rMe e ,sofa-"”"\/

C'SHW“UC 8/19



Overlap Assumption

(v 1 %D e, ¢(9,")
Bad Lo fecdod and comtol unls

Definition:
For e X, we (™
This assumption is testable. Some strategies:

Mooy difhormues

P[ I)H%*a. M L\/_—:

Loar ozlég v‘h}\u

¢lx)
l"2 (- z(s,)>
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What if we have only limited overlap?

Challenge: () ﬂ‘ﬁ ;w/g cohwales A Sepucde condfrrk ouhcove

> b “heth  sawfl

2 strategies:

/lA Il'k LI/\"'?_

Gubsan iy
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Identification!

E[r(Xi)] = E[E[Yi(1) — Yi(0)|X; = x]] by definition
— E[E[Y,(1)1X; = ] - E[Y,(0)}X; = x]] by lincarity
= E[E[Yi(1)|W; =1, X; = x] — E[Y;(0)|W; = 0, X; = x]| by unconfoundedness
=E[E[Y;|W; =1, X; = x] - E[Yj|W; = 0,X; = x]] by definition

=7 by overlap
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Inverse Propensity Weighting (IPW)

Starting from our standard difference-in-means estimator:

Wy (1=-w)Y;
-1 g7 Wy, - ’L 2 (- V)'é «2 = Fn [‘T\(—Yj' " f) }
" o < Ny Veoo TPv C(XO (‘g[xi)
o
2Vt S (-wt \ «\,[
. S Praonn of bkt
2 W _g\-u,; lebwés m Covoridhg
_ B, (v AON
SARIN . (1-vd)
£ Eﬂ G
AR

12 /19



3. Model Tuning



How do we choose a value for our (regularization) parameters? /\

[8od 4



Cross-Validation

14 /19



4. Multimodal Data



Image Data: Computer Vision

Big |dea:/M0M }m?(,_g ol colleghn /ﬁ ?.‘x:ﬁ , & I ha ol
L6 B  value

> leam b pridik gud vilws = nety "'\””7@‘ P iy
Convolutional Neural Networks (CNNs):
US/( 'IS\*‘A“"‘r W"m&:\,,/“ (agg?‘,\ NneUrL 'h, S‘[’wcfl r\l?,)h{ o’ﬁ !fm W ',m;b)

bt o ok g bty o
— gllag b Jemse repres enfutin C’gw\\,oé&?“) o g omied
\eprmed  IWhe A gl b i
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Text Data: NLP

Big Idea: Aoy, | Aut o S vy }
2 lem b 7re-llv1. nert word Lroumn provivs wedl$)

Progression of methods:
@aa B owedy — urrd el e

/
(\/Wl 2‘“ Lt> é SC d(( "07 FZV W% Vw{l{

b ecbave P Corhes  Comglen mhes wid  relopomdiif

N

Emmah‘bs ( HwH )
’\‘(Msﬁ-wmrs - '(Mm,/
|_ L/V\ 3 - '\‘W"\sqﬂ«wv - Lagd V"“’MB Yok awnk o C\W)
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Generative Models of Text QL frf — KMMAMZ’

Trecut™ Savvv‘(\"?—‘- 4){ wh ek, nodl's
7 P - “ ewydd) V3 ”5“ HVUM-
- ; N — (g
AMW- & JL e & nat bun fwm.
~ - BUJ_ ) 9Mw~n+lr7 HM/)’
r “w [.Muvnthllﬂ
Awr l\ec /7{’% e, — ﬂ - ¢ vy VT {wnts W\‘A}c

o M priv s /pomis

"t

,A"“N lite s Cumome s /¢‘ £‘$ - ﬂ -

17 /19



5. Practice Problems
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1. Announcements

2. Double Machine Learning

3. CATE Estimation

4. Introduction to Linear Stationary Processes

5. Practice Problems
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1. Announcements



Announcements

m Final Exam: March 18, 3:30-6:30pm
m Last problem set: due March 13, 11:59pm

m Final review session: March 13, 1:30-3:20pm (usual section time/place)
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2. Double Machine Learning



Influence Function/AIPW - Double Robustness

N
. 1 N . Yi — i (Xi) Yi — fo(Xi)
apw _ L _ (1 — W
Double Robustness: ,%ATPV 9 ~ P
o o

@ é INVWVY 5‘??-0'6@ (e cthme\e ((m;.}g\%)\1>

oYy

@ /’4\ /: LWV"U\/ 5‘3“’&3 (on) chwmpd cau,u}\mw
)7 o6

433



Influence Function/AIPW - Correctly Specified Outcomes

- 0 —- 0O
1 U m) Yi = ro(X0)
FAPW — | 25 (0 (X)) — fo(X0)) | + w ) gy Vi RolX)
P> PN @)
e T ey
‘E: E/./I (K\—/A (XS)B .
" | D —s 0. (,\Md,
SpulD ol — 0
—= EC/A,LO- w58
- el Xin=via]x7)
i E(;;E;/—ﬂf‘ ‘“-X
-z
= C
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Influence Function/AIPW - Correctly Specified Propensity

S N
A fa(Xi) | fo(Xi)
AAIPW _ Nz_: é Wi)— Nz_: &(X;) — <el( 5 + 1—Oé(X,))
_ NN
\_/—\/__\/
B (et o/,
TPw Eleneo,
. T €C=0
?
C[’\ B ECY(‘[VUQ“ EC“&WM] ~ 0
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Cross-Fitting/Sample Splitting

Idea: (), v, {lwm\ eroqertieS ¢ asior F e b wssE pn sl
P R

Procedure:

§‘7\”' SMV‘\f\L ‘l\/‘\'\) K rd'“s ; \)21

= 6, k%

F a J. ') Al . - ,
E. '\(r w we }(rg /\Aw (,k ) e ( 7() N Squ\,ﬂ W M ‘ ’
S v C x )

) Al A
Esimde T (A, © >

/A\VU“VO»«- oV A\ o ;u}r- o iy echwatar
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3. CATE Estimation



CATEs

\3)3 Rt /Mlb]\fr« pLgvife’ ?117 Sone YOl G TE
(%) E[Ym—‘{é»)lxl

\[«-*f A
/——\3 Mi
Tia ALz A= W
- Y»vx- P
Ur — Mo

T e B
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Causal Trees/Forests

9/33



4. Introduction to Linear Stationary Processes



Notation / Terminology

\ ; mdex
m Stochastic Process: S(iuww. } Vs ordemt L Dt Bme

gYé} - [}'o,y.,—‘, \/’I"l

m Expectation of t-th observation:
&0

R AR A R

-

m Variance of t-th observation: »

EEL‘((/“J'L} < Yo’ = S [ye - M) # ) dy,
m Autocovariance (of order j):

_ ECCYQ’ﬂt)CYL ")) ig

o0

[Ye’/‘e)éh-)'/‘? ;) r‘(’h‘h' - ¥/
x él/ é‘h" \"‘)
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Stationarity

A time series Y; is covariance-stationary (or weakly stationary) if the following

hold:

vb//ut,z/u
V{') Y\I)l’c: Y‘)
Y, ¢ 80

0

Libous B wamwle hne ho cshimule
Why is this useful? -

Ca"‘ o echwAe  wmewn \ D\,,ng.h»\
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Stationarity: Examples

Are each of the following covariance-stationary or not?

FRED ./ —sersn

- e o

6,000 IV

g MVM \yp Men. c‘da% ovY }‘“‘“‘—
2 o™ A T

202107 2022:01 2022:07 202301 202307 202001 202007 202501 202507 202601
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Ergodicity

m A covariance-stationary process is ergodic for the mean if:

T2

m A covariance-stationary process is ergodic for second moments if:

r b -
L A O L) W C R TN
T ) {;jn

Why is this useful? Allws vs o S crsonble ovicty b I ovenyg
MeA ‘IVICV bv blw~ulde O e
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Ergodicity: Examples

Are each of the following ergodic or not?

Lawle
m Long-term inflation: inflation rates in an economy where the central rate has a
specific target in mind

Y£§ | Mt~ rvedsm pmtns \'\A"v\S LF ,,Um-\/ u?“

P

Wzl
m Multiplicative gambling: individuals play a game where each round they win 50%

Nt of their wealth if the coin is heads and lose 40% of their wealth if the coin is tails

@ EC?WW:]‘ \/z"-g ' ‘(z' o = Los

@ Poyt (7 = ll ol =Ty “”("g

21 “ 14 / 33

Vo

\
oL t) 049

\
el



A basic building block of time series, white noise has the following properties:
= [l’*up): ©
T
] EE;}L} = \/“u&\: o

- EELL—£S’>: O \&é'zs
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Moving Average (MA) Processes: MA(1)

Definition: ‘sz/M £, OLen £, ~ (0,2%)
Mean: Er"(b'):/ﬂ

Eﬁ(_\(e,ﬂ)LB: (H 6" Y?’_Céil = (“’94) 0"

Variance:

Jth Autocovariance: "5), - (w(\(e,}'e-‘ﬂ - byl %) E g-\.\}"}‘
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Lag Operator: L

Definition: [7}\,,4,\ \('L\ L YQ: YE_‘
For higher orders: L) ‘\/L'— Yk,—')

Polynomials: /]()L[A: For ’1’\\/‘ Pl v -

Rewrite MA(1): \((7 = C“— 6L) s M
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Moving Average (MA) Processes: MA(q)

Definition: Y’— ML Eor B ELr — Oy by = Mt 6(LY &y
4

Mean://

1 L =
Variance: [ [+ &+ - % & Yo = ¥,
jth Autocovariance: o T 37¢

‘ Z r -
: [6;F &6t - AR S TN
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Moving Average (MA) Processes: MA(o0)

Why is this useful?

A necessary assumption for covariance-stationarity:

%e)LAOO

v
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Autoregressive (AR) Processes: AR(1)

Definition: Y, = ¢ 1 ¢ Vo * &y

2 strategies for finding MA(o0) representation:

\ZCcust S LG

Tavat f& ?0\’7"”"”’\‘
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Strategy #2: Inverse of Polynomial

Delee @Léw Sk bbb Bl
pivs - @, = FOOW =

Tnvw:
—

poe Y, = cr pLYHEe T (-oLdY = er b
Cu"fu f, YA pL) =1

\*C’P’VJ)U” ”f’w)t 1 (T A oNr - T
) (

s sysen e cqudest  Fm P L
'f’L'q(;'¢:C
Nfg' o= C
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Companion Form: Overview

Yé ¢| ﬁb v ¢?_| wf’ £
E = F; | 0- _ v © L
L / o . _ .2 ©
YL.'7+( 0’: ! ’ O

po - O
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Companion Form: Eigenvalue Decomposition

J

F-TAT - P-TAT

G WX \>\E\ Z’\ V4 s\-Mwmf

A< (wa '
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5. Practice Problems
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2. Forecasting & Mean Dynamics

3. Wold Representation Theorem

4. VAR and DSGE

5. State Space Representation & Kalman Filter
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1. Announcements



Announcements

m Final Exam: March 18, 3:30-6:30pm
m Last problem set: due March 13, 11:59pm
m First half review session: March 11, 4-5:30pm, GSB BC104

3/28



2. Forecasting & Mean Dynamics



Conditional Mean Dynamics

Goal: (5jvta uwM17W $o By U M wnployimed e fomonor 7

E [\{LH l ‘YL) Yt—',"-l

(Linear) Forecasting:

yé:cyb, Y(—_","'}

Porcetr 0 (Xe) = & Ky

- 1
'cw?\\w, loss® £ Y/(YU‘\’ }(Xk)> 3

-{ . R
3L A=k [_X\ XtB\:CX*/Ye"}

428



Linear Projection: MA(o0) Yb = Mt Y I

G0a|: S‘Ml“ ﬁ-\\ DW( W”MS Il’\uut MA‘COQ) Vf/?ﬂ,,?/\'\l'hlfw\l S”Lv;vv— P"ls S,)LV(S V\av\7

Ko s <; > bt )

—_— B Q& UL\’ Y

E,\(‘—X’X'B_( ) + 0_1}
FEY\‘Ym/\X ALEX /Ni“sf[fi“l >l (
% ot

gsge oo o e WG [RR) 2 o T

!H
]
‘
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Linear Projection: MA(o0)

th Ybﬂs - (ﬁ[f‘”%"’s” )
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Forecasting: MA(oc0)

Lonvet PCYMS] ée ) éé"‘) to P(-N(tul 'Y\; Yb"l")

Borcatie wor Y, m Pl K) = fug v Bigg oo ! f ¢

' ~ - Loe rhL g ko
Oﬂﬂyi iﬁ; '"L + ”f‘,\, koo (—EJ{&L & ¢

L

Fluy ¢
P(teal Xy = A7 [ B lL

FHV" ?”V“ommA ‘IW‘/""S;M" — M [L> (YE-MJ
O(,L)(/YE'/"):£E - P(Yus\\’l-.,"> _/u—\ 1’/[’ }* 9

:gus r ,)L‘ £‘7rs-\ he
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3. Wold Representation Theorem



Wold Representation Theorem

Theorem: Let {Y;} be a covariance-stationary process with E[Y;] = 0 and
vj = E[Y:Y:—j]. Then: &
! / Y = i qb Z -4 ¥ 'h

L ) Te0)

J7o

Where:
] i a~— M‘/IW. nolit
L

I .12 . o
[ ] /){/o':l ) 3?:; )
m Y4 &iit 1530

. Y) flrw\/ ?\rza)th\a\,( ﬂ}m Yh
by

7/28



Wold Decomposition

A consequence of this is that we can decompose any covarlance-statlonary process into

2 components: Y i /)b 2&) vy,

Z "f‘ £ v kg o geved w ol 9 Aok ?f.r('fd'k/
j o

Frw—\ \ALs} é&fawnn\';k])
V)L,: Jt‘-ffw\\w\s]-fL , ?L‘-w ?/‘(&JM‘&,\;\A’ 0\7

Wold | {vorige = Sl 0 225s (mukjkq- Dnor oneg)
— Mlds 1wy
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4. VAR and DSGE



Properties of Vector Processes

m Vector Process: g\(eS‘ = E\(llg ) ‘rz,t / 1
m Mean: /A{’ = E[Yb‘l

m Variance: y" - [ ( [Y{’/‘Q [.Ye'/ql)J}

o,k

/

m ;" Order Autocovariance: | ' - E[“e’ /‘*>éTt 5 /u*'])’}

7%
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Vector MA(o0)

Definition: \{k =/A - £& + ’f;i“ B

fon

b7 L hie omen (affidets om  innovabies
t

Mo et
oflr  gub qrocesses

When is it covariance stationary?

o Ciy)
Vi AN A
§zo
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Vector AR(p)

.\r
Definition: \{L, = (4 @{ \f,;_( ..t by\feﬂf E’k

/\/o V{shﬁ/“"‘& o Q r

When is it covariance stationary?
@ 12 - HZ?.. ﬂ?’, _= aﬂ ‘C\jnv,\lwg mesl Wt

F _ To O -~ O 0 n ouwniy Cirde
- o Iv\ - 7" o 0
o)

6 & -7 In 11/ 28



Impulse Response Function

Goal: Ser ho, ol vrkdls visgmd b oon waerprdd shevle
™ o -\;wlku/L-
Consider MA(o0) representation: \{L c pd ?LCI"\ £y
AL
(an inbecgt ’}LS e
Js
L
. . 2
Can we use this to compare across outcome variables? ¢ o /|//U, <L )
6

Not Twe g all oy 1avwabes Rivsd
Br by b L,y Moy Ve Gmedid
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Orthogonalizing IRFs

T( JL é{ﬂaM; Hea 4's orY\Hamd

O’\D\!Slbr Cakorabim' ﬂ: Pp ' p lva' *\fa‘fw\ﬁ_ullrr ‘
O Taa g\ )\hmd7 rn

’) P'\IN\ U < - £ .(Y\"OVO\&“.WS é&
Vel 4, P L Covt s
E [ukub"s - P-(‘)“hlp") —;E ’a’if wAHV('

P Pu,_ +-..

L

LWV\ N anfe MA\[OO) as . ’TE: S Pubr

Does this really help with interpretation?

/\)‘)\_ rcl.\\/] Ut e VU Cimunst kuu'-'la- [uwhgg \10““’ I/V'J»tr“’ﬁ 3 hM)
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DSGE and VARs

Big Idea: Muy mMutw wedds  (en \e vepnseh ax VAL
\«sha, \us ﬂe‘ W [ Stalz  verdabv ad (’—WJM a/f‘

&\'(N}wv\ ?ﬂ/nwwth'&

Justifies 2 main uses of VAR in applied macro:

Leberoe modds

S‘\"r”—\‘%\ VAL
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Structural VARs

Goal: A(fr/mwm “Smun ™ \,7 ',V"Vzaﬂ»?’ reghidng  on Lottt wabric
O’E‘ VAK QMWVk]‘P“S

Identification challenge:
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5. State Space Representation & Kalman Filter



Gaussian State Space Models

Let z; be the state vector and y; be the vector of observations.
Gaussian state space model has 2 parts:
m Law of motion for observables:

Y, 2mt Azt Hy, , oy w0

m Law of motion for state:

2 = Bz _ 4 ng , £L""/V/0)i)

6

17/ 28



Example: MA(1) 2 - (L, &)

Yt = :U'+6t+0€t—1 €t ~ WN(0,0’z)

- D= o o
Y opt Aot ty, r=r (\ U>
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Kalman Filter

Big Idea: ...\ ciato &)‘m\ obserdh Kt gerts UK lguyfxrw\ ltf:lw}\l\—.a.

"N

y =2 F 0,0, , Y~ N0
Consider the following simple example: ' ¢

> Ve, kot £ Vo
Relst sve shate: TC%) N(.iuo: PHO) E S

There are 3 steps to produce an update: [sivw slwe ZG\H , Pau, ¥

Pebr Y, & lav A wiba A olgervelle

a
U gdule \ao‘f”‘% 2, Pg,u,

Uae Ldoke abk Ly, fogy & Lo A wdn B shabe
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6. Practice Problems



