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General Info

Email: amar.venugopal@stanford.edu

Section: Fridays 1:30-3:20pm in 200-303

O�ce Hours: Tuesdays 12pm-1pm, Wednesdays 3:30-4:30pm, in Econ 149

Section Questions: Question Form

Lecture/Section Feedback: Feedback Form

Note: please use o�ce hours to ask questions about the material, rather than
over email.

For the entirety of the course, section materials are drawn heavily from those prepared
by Lea Bottmer last year, as well as from some materials produced by Merrill Warnick
in previous years.
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Section Norms

In order to foster a healthy, inclusive classroom environment, we will all abide by the
following community norms:

One microphone: we will allow everyone to finish their thought without
interruption

Everyone got accepted to Stanford and is here for a reason. There is no need to
prove anything to anyone.

Asking questions is a great way to deepen your understanding and resolve any
confusion you may have. It is not a signaling device.

There is no such thing as a stupid or dumb question

Questions asked during section will be answered by the TA
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Homework

First problem set due Thursday Jan 15, 11:59pm

You may work in groups, but you must turn in your own submission and note who
you collaborated with on any given problem

For easy grading, please submit only typed or scanned/electronic handwritten
submissions (no photos of paper please)

For problem set-related questions, come to my o�ce hours or reach out to me
I will not respond to problem set emails sent on the due date
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Hints for Problem Set 1

For problem 1, make sure you remember how to use matrices and matrix
multiplications (e.g. matrix derivations if you use matrix notation for some of the
subparts or generally how to take the inverse of a 2 × 2). In the last part, make
sure you use the fact that x is binary.

For problem 2, recall from the lecture to please not use Excel or Stata for this
problem or even any packages in Matlab/R/etc. We want you to implement the
OLS estimator from scratch!
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Properties of Random Variables

Let X ,Y ,Z be random variables and M a (constant) matrix. We then have:

Linearity of Expectation: EXY [X + Y ] =

Covariance: Cov(X ,Y ) =

Cov(aX ,Y ) =

Cov(X + Z ,Y ) =

Variance: Var(X ) =

Given a matrix M, we have: Var(MX ) =

Law of Iterated Expectations (Tower Rule):

Law of Total Variance:
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Ex[X) + Ep[Y]
E(XY] - ECX]E[i]

a Cov(X , i)

Cov(X , i) + Cor (2, 4)

(or(X , x) = E(x) - (ECX]) 2
MVar(X) MT

Ex(X] = E(E ,
(XIY)]

Var(Y) = Var(E(i (x)) + E(Var(iIx)]



Convergence Concepts

Let Xn be a sequence of random variables, with corresponding CDFs FXn .

Almost-Sure Convergence:

Convergence in Probability:

Convergence in Distribution:
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Key Theorems

Weak Law of Large Numbers (WLLN)

Assumptions:

Result:

Continuous Mapping Theorem

Assumptions:

Result:
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X: F
,

ELXi] = M ,

Var(xi) = 02 < -

P

X = En (Xi]= + M

Cstrocy LIN : X Fin ,

extra assumptio : ELXT) 20)

Xn
&eX

, g(x) is continuous

g(x) = 2 g(x)



Key Theorems

Central Limit Theorem (CLT)

Assumptions:

Result:

Slutsky’s Theorem

Assumptions:

Result:
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X, . . .,
Xu iid ,

E(Xi) =M ,

Var(Xi) =a, = EnLXi)

↳ "asymptote normality"
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= N(0 , 1)
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Population vs. Sample Distributions
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P = gogulation distribution Pu = sampling dishrbution

& gogulative garameter of interest
↳ sample size

prob. theory

-
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statistics



Definitions

Estimand:

Estimator:

Estimate:
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Object of interest of estimation as a gorgulation

quantity
(function of

Po)

Sample equivalent of the estimand

(function of Pn]

Numeric value of estimator
when we

glug in data



Big Picture
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Running Example: Average Treatment E↵ect

Average Treatment E↵ect:

Di↵erence-in-Means Estimator:
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E = E(Y() - Y(0)]

=
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Unbiasedness

Definition:

Is ⌧̂ unbiased?
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Mean Squared Error (MSE)

Definition:

What is the MSE of ⌧̂?
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Var (n) = E[SE-EL))]

USE (m) = Eq[(n- (2]
Lemma : MSE(m) = Bias" (1) + Var(i)

-

Proof : EL(n -m))
-

= E(((i - E(i))
- (M- ECB))] &

= E((i -E(i)(2) + EL(a-EC)(2) - 2ELSE-ECE]) (M-E(2)]
--

-
- = 0
Var() = E(m + ELi]2. InELn)]

= = + E[i]2 - 2nE2m)) Tower
rule

= (ELM] - u)2

= Bins(n)



Mean Squared Error (MSE)

Definition:

What is the MSE of ⌧̂?
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See above

-Lunbiased)

By Lenna : MSE(E)
= Bintel + Var(e)



Linearity

Definition:

Is ⌧̂ linear?
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Consistency

Definition:

Is ⌧̂ consistent?
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i consistant for e
zsifer

E = En[iildi = 1)
- En [Yildizo]

Cercur + 1 -incucy)2@ECY/d21] - ECYild = 0)
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Asymptotic Normality

Definition:

Is ⌧̂ asymptotically normal?
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Announcements

Midterm exam: finalized for Monday Feb 9 (during lecture)

If you have OAE accommodations, please upload them to the form announced on

canvas so that they can be taken into account for the exams

Optional Lecture on Friday Jan 30 (same room, time as regularly scheduled

section)

Lecture content (econometrics with incentives) will not be on problem sets or exams

Makeup section earlier that week
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Hints for Problem Set 2

For problem 1, think about what possible values ✏n could take to obtain the full

probability distribution for ✏i . Then use important properties of the expectation

and variances of random variables (and their sums) for (b). To show that the

variance is minimum for an estimator, there are two ways: (1) show it directly or

(2) show or argue that it is the OLS estimator.

For problem 2, think about our general idea for solving for estimands: 1) use the

optimization problem directly and plug in your true model somewhere or 2) use

what we know the estimator converges to and plug in the true model. You will

need use the fact that x ⇠ N(0, 1) somewhere.

For problem 3, remember that there is a di↵erence between deriving the

asymptotic variance b⌃ and the asymptotic variance of the estimator �̂ (namely a

factor of N).
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What is identified?
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Matrix Notation
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Dal: (Yi , : ) i : /
,
-in

X
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x = (2)Y = )
- -
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Matrix Properties

Let A be a matrix.

A symmetric ()

A left invertible ()

A right invertible ()

A invertible ()

A†
pseudoinverse of A ()

A is positive semi-definite ()
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Matrix Rules

Let A,B ,C be matrices.

Addition is:

Commutative

Associative

Multiplication is:

Distributive over addition

Associative

Transposition is:

Distributive over addition

Distributive(ish) over multiplication

Inversion is:

Distributive(ish) over multiplication

Swappable with transposition
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AtBBA

(A+) + 2 = A + (B+)

(A +y) < = AC + BL

(B) C = A(BL)

( + y(T = A
+

+ y

(AB)T = 1 TAT

(113)" = 13A

(AT)" = (A-
T



Matrix Derivatives

Let y, x be (column) vectors and A be a matrix (and assume all the shapes work out).

y = Ax =) @y
@x =

↵ = y>Ax =) @↵
@x =

↵ = x>Ax =) @↵
@x =
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A a = y
+

X

e = Y

(y+1)

xF(A +AT)
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Setting

Data:

Baseline model:

Modeling assumptions:
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(Yi ,
Xi) for is /...,

n
,
VERY

Y := Xi B + Ec ,

BERM

Correct sugcification : E(E(x) = 0 a. s,

Hourskedisting : Var(2(x)
= or 1 . 1

.



Estimand: “Analytic” Solution

Note that we can write � in the population as:
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B = E" (xx)E(xy)
-

= E" [xx) E(x(X'B
= 2)] j

=i +E
= 0

= ECE(x2(X]]
=B3

= E[XEL



Estimand: Optimization Solution

Recall that OLS solves the following optimization problem:

We can then write:
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B = argmE(ly-x]

Fo E = 2 E(- x(y - x
+3) = 0

- E(xy) = E(xy
/ >3)

-> b" =
E(xx]"ECxy]



Estimator: Analogy Principle
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Pollim: B = E"[xxi] ELxy]
↓

Sande: B = En "(xxT]
Edxy]

= (E)"(Y)

=
(xix)"x

+

y



Gauss-Markov Theorem

Under these assumptions:

OLS is:

B

L

U

E
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Modd y : X B + 2 , ECCIx] = 0
,
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Proof of Gauss-Markov
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(d B = Ly ,
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Relaxing Assumptions

We made 3 key assumptions before:

1

2

3

2 of these can be relaxed to allow for:

1

2
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E(n(x] = 0 -> correct specification

Vor([(x) = 02 ->
homoskedasticity

ECxxi] invertible

Misseification : ELy(x) = XTB
B(x2 xi7

Heteroskedasticity : Var(k) -
02 M

↳ new varie: Sandwich Formula : H"- N
"eE" (xxi)



Theorem: Best Linear Predictor
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B = argminE((Ely(x)
- bix)2] = E"(xx + ] ELxyS

~ assumthfom

Chad= y - XTB
.

For girs: Elxa] = 0

- weakyHu

E((x] 0



Estimand Under Misspecification: Excluded Variable

What if there is some unobserved variable that impacts y linearly?
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U

True mode : Y : Bo + XB ,
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-

↑ed reg: y = Bo + X 1
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Lovin,)
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or Br = 0



Frisch-Waugh-Lovell Theorem

Motivation:
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Multiraiae regression , but only come about effect of I regressor

Want to canbel for others

Let XA is regresser of
interest . Xi collects all controls

Controlling:

By catelling fr
XB

,

scon
ho vario in y exclaimands by Xe

-

and see her much of resided explainable by XA.

May also be fre XB-XA
& Y ,

so need to residualie Xy for

1

of
↳ yaram interest-varily

= By the
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Announcements

Optional Lecture on Friday Jan 30 (same room, time as regularly scheduled
section)

Lecture content (econometrics with incentives) will not be on problem sets or exams

Makeup section on Wednesday Jan 28, 4-6pm, GSB M104

O�ce hours next week: Tuesday 11:30am-1pm (Landau 149) (Wednesday OH
canceled for section)

No problem set this week!
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Panel Data

Motivation:

4 / 21

Suygose observe same individuals at nulhigh points in time

Individu i
,

each observedTh times

(Xio
,

Xi .

--
, Xiti) &s correlated! no longer did

effectively just homen "real" data points

(· &
-

the rest are constated "versing"

-

nxT



Assumptions

Model:

Sample:
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Estimation: Pooled OLS
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BigIdea
: ignore time component

->
Ti in gene-

=(*)"D
Assume did access i

,

but not t
d

sampling



Consistency
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VLLN:

= )"Cit) (En(eE(x)
-Fr( * ]Eni)-

&E[ *]
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&"**]E[
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Asymptotic Normality
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Eit

---
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Big Idea (Normal Example)

Model:

Sample:

Likelihood:

Estimator:
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z ~ N(r ,
02)

i'd
sampling

Ex, . ...

EnNJr , or) ↑ normal gat

((m , 02) = P(data(mobel)=L

(i , 22) = arymax
L(

Genealy write O = (,w ,

h(O)



Conditional Log-Likelihood

Let z = (y , x), y |x ⇠ f�(y |x), x ⇠ g�(x), ✓ = (�,�)
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Definim of conditional probability : fo (y , x) = +(1) gy(x)

((0): foly)= +p(xi(xi)yy(xi)
Vot

#thirate Condition : Por (folt) = for (2) 0 FEE

Jensen's Inequalit givs
us InternationFrequally : Ex

,

Lloy for (z)3 > EorDista

Take logs of everything :

e(O) = log ((0) =Blog fiv
+ log full
-&

P
M

48 B,
0 don't overley ,

then 1 = arymaEloy flyilx



An Algorithm for MLE

1

2

3

4

5

6
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Transform population model into on equale for which you know the distributin,

if needed

Write dow LJ0)=ok) ,
where we know distributes of ylx ,

and t is

yarander of interest

Tomstrm to log-likehood ,
e(0)

Simply objecte from Lignra positive scaler multiples ,

extrances terrs
,

etc.)

Take FOL and solve
for

Check second derivative to verely curvature



Estimation Example: OLS

Let y = x 0� + ✏, ✏ ⇠ N (0,�2),�2 known.

1 What is the likelihood?

2 What is the log-likelihood?

3 Simplify
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2= 2 - XB - y(x - N(XB ,
v)e((p)=

Ce(b) = Eloy(e

= posite scalm

2 B = mymin-Xi =BosisMLB (in the setting)



Estimation Example: Logit

Let y 2 {0, 1},P(y = 1|x) = (1 + exp(�x>�))�1.

1 What is the likelihood?

2 What is the log-likelihood?

3 Simplify
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((B)= lit)""(1)"

e(b)= try (()"(1-)"

e(p)= . Yiy() + (ly) ly(e P)

=-Sily (l) + (10) log)
! -> Pirgiy = arguin (l-Yi) (xiBD

+ly (I
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Announcements

Optional Lecture on Friday Jan 30 (same room, time as regularly scheduled
section)

Next week, schedule goes back to normal

Midterm Monday Feb 9 - Section 5 will spend (at least) some time on review
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Extremum Estimators (M-Estimators)
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E = arymanm

ExLEim(z:;) = loy to
(i)



Convergence of Functions

Uniform Convergence in Probability:
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En (E) conveyes uniformly in probability

to Q
.
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# #



Useful Lemma
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Let Qu(t)=mC;)
,

QUE : E(m(z;
+]

Assume: DE
,

n
,
Ent id

& If compact

& m(z ; o) is continuous at each FEA
W. 9 . 7

⑦ FM(y) St Imly ;
all <M/g) FEED

and ECuly1] < -
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Theorem: Consistency

Assume there is a function Q0(✓) and a vector ✓0 2 ⇥ [ Rk such that:

1

2

3

4

Then, ✓̂
p�! ✓0.
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Qo(E) is uniquely maximised at 00

⑪ impact

Op(E) continuous

En(E) courege
unit. in prob to Qo(E)



Influence Functions + Asymptotic Linearity

Asymptotic Linearity:
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( - Go)=
-- ↳ E(+ (2)] = 0

ag ,
our small

incremens E(11 + (2)/in]<

The ,
(LT gives :

in (E- 00) N(0 ,
v)

V = Va(+(z)) = E(+(z) +(x))]



MLE Influence Function

Score Function:

MLE FOC:

Taylor Expansion around ✓0:
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s(z ; a) =G

s
Slzito)+ S(z , or (E - 00) = 0
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=0 H =tit
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MLE & KL Divergence

Kullback-Liebler Divergence:

Maximizing Likelihood = Minimizing KL Divergence:
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Di (y /(2) = Ep[loy IyDirehey
distriea

argmin Dp (plq(t))
= aryiE[log]
= argminE((y g(x) - logg(x; +)]
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Modeling Assumptions + Estimator

Modeling Assumptions:

Estimator:

11 / 21

Yiz = Xi+B + D :
+ Eit

↳ sooth on indicate variable

Data iid across i
, ESEir(i , ... x+,i) = 0

May hore Cor(Xi),i) O

(Fr . 1 .

-

. Yu) = argain
- XB-4 :)

F :-2-2(yi
&=--

->Fr = (CWi-Fi) (ii)')"( *
(ii) = Yi - Xi

Can also aggly FUL , get same thing.



Asymptotic Properties

12 / 21

Small t
, lorge n asymylching

OLS machiney agylis :

M

BreEBFE In (BEE-PFE) ENJO,
# "JH")

H = E2 (in-Yi) (xix-Fi) ']

5 = E[( & Kit - i) (dix -:)) (E(xi Fi) (bir-5il)"]
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Modeling Assumptions + Estimator

Modeling Assumptions:

Estimator:

13 / 21

Yiz = Xi + B + Yitdi

E(1(X,
,

. .

, Xi +, Y:) = 0 ECYikis , ...,
Vi +] = a

--

diff .
ble I are

random
-

Treat D: live ever ter , Mis + C = Eig + Hi

Yip = 2 : Vi'B + Wit

E ChitIXis ,

. . ..
Xi + ] = 0

-> looky just live pooled regression
!

inhris asymgtobe properties
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Model: Two Way Fixed E↵ects

14 / 21

Suggose also went time FE

Conside causal setting ,
die = treatment indicator

-YitB Editit
t

it (Yaz- Ye .) - (Yoz =

YB1) = -
Dir

-Fil When does
Di
=

T2FE



Key Assumption: Parallel Trends

Big Idea:

Testable?

15 / 21

If treatment never happened,
then the 2 groys' ouranes would have

remainedparallel
X

~

Sund FE#
No cangel ad suggests evide - pre-grid
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Announcements

Midterm Monday Feb 9
Usual lecture room/time

One-sided formula sheet permitted

3 / 21
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Staggered Adoption

Big Idea:

Ex. 2⇥ 2 DiD with staggered adoption

TWFE:

4 / 21

Different units start receiving
treatment at differt times

2 : = 1 time period univ i is treated

Absorbing treatment

~ = (En(y(t = 2
,
2 = 2) - En(y(t = 1

,
ei = 2)) - (En /y lt = 2

, 2 : 03 - En Cylte)

Yiz = 2 :
+ Be + ** en1Stracht + [378tzei + bu + &

-
n = - a

E - 1S final perine
- Clumping

all

you-/post-tratmal future together)
effects ger-gering



Event Studies

5 / 21

eith

n=2
↑

un

20

&

2
- 5

↓ ↓
a = 16 j : 22



What if we are misspecified?

Relied heavily on 2 assumptions:

1

2

6 / 21

E
Parallel trends

Homogencas TE -> relax

seemsplausible
us wantneeim-



E↵ect Heterogeneity - Simple Example

Specification:

Estimator:

Alternative Model:

Estimand (Under Alternative):

7 / 21

Y = dit Xi "B + 2 ;

Cor(y - 3, 2 -Y)
&

-

[(d :
-xi) Y: E = couth of reg . di-X:

= Feldi-x: jj2
i
-

Va(d:)

Y = di : +Xip + 5, Wi

--&

·-E



E↵ect Heterogeneity - TWFE

Specification:

Estimator:

Alternative Model:

Estimand (Under Alternative):

8 / 21

Binary treatment

Y it = C
; "Be + dif [Eit

= very complicated

Yit = 25 " Bet dis Fiz + Eit

ECE) (dix , Tirit] =& it vie

(Bornsyale ,
Burned , Spiess 2027)

E worl ,

but can be

-> sparred massic literature on

dit = 1 negation
"Fixes"
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Announcements

No class Monday Feb 16 (Presidents’ Day)
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Setting

What kind of panel must we have?

Estimand:

4 / 17

Prayer gane
W = (8)!

00 - -- &

--

T

A st-YT)-Y- V

need to

is t observed estimate



Vertical vs. Horizontal Regression

Goal:

Vertical Regression:

Horizontal Regression:

5 / 17

Inputelstimate int):inx
T-1 obs

,
N-I

regressing
↳ unir of obs

, Elk
eg .
SE vertical

Y(0)

Main idea: similar unts behave similarly Twe= [wiYie-

N-l obs
,

T-1 regressory jEN

eg.
unconfoundedness

Wey"
him in idea: history explains al I



Synthetic Control - Assumption

Factor Model:

6 / 17

Assume movement in outcome summarized by should Intent factors

Yit(0) = M: Xe + Eix

↓ d

loadings factors

With corrriates :

Yi(10) = E + Ge zu + u! Xy + 2it

m-

S obs car

comman factor unaffected

constant load by treatment



Synthetic Control - Estimation (No Covariates)

Ideal:

In Practice:

7 / 17

Match on
factor loadings

=MrMi unobserved

Match onere-treatment outcomes

↑ (0)= =cym



SC Inference

Challenge:

Placebo analyses generally used, but still have a choice to make:

1 Placebo on Units:

2 Placebo on Time Periods:

8 / 17

With 1 treated unit
,

no averaging > no art

Open questio
leave outtreated unit

--

Iteratively pretend each unit is treated ,
estimate SC for treated

period

= - Yir)"
-

excerpt fr true treatedriod

geriod ,
estimate 52 Interatudyretand

each yeirs is the treata

=
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Overview

Training Data:

Prediction:

(Main?) Concern:

9 / 17

(y
, , x1) ,

---

,
(Yn

,
#n) Cossume iid)

Suppose truelet loss function

God : E = erymin 1(f(x), y)
e . g. MSE (regression)

-

feS cross-entropy [classification)

Overfitting
-

Give new ly'ix') want Fix = y 1
a

If I do "for well" in-sample ,

I may
not generalize



ML with Linear Models: Regularization

Big Idea:

Ridge (L2):

Lasso (L1):

10 / 17

Prevent models from getting for complex by penalizing complexity

B = orgmin ly;-XiB + x Penalso
↳ penalty "stragth"

Penally (B) = /I BI= B :

2

Shrink towds O
,

but never all the way
. Distributive

Penalty (p) = 11 B11 ,

= IB;
j =

Shin to 0
. Selective -> yields space solutions



Decision Trees

Big Idea:

How to regularize?

11 / 17

Classification

Come my wit "splir" rules to fit the data

e. g.
ecmomist or CS ?

Choose splits to minimize

Salary > $3M
entrrgy/maximize in fr

. gain
d Lo

at each stey

& uses "social plane"

du
⑮

Limit degth ,

min # of units in wite bake split, --



Random Forests

Big Idea:

How to regularize?

12 / 17

Ensemble method

Instead of believing just 1 free , "gro a whic "forest"

and have then "vote"

↳ each gets random subset of features ,
observations

↳ aggregate
vin "bogging"

Tree l Tree 2 Tra3

0 . 5 0. 2

- 0 .

- ↓ &
0. 2

Change # trees
,Efeatures give

to each, ...



Neural Networks

Big Idea:

How to regularize?

13 / 17

Mimic "brain" structure wa
lon of linaly Crim nonline compones)

allowing for very flexible function forms

Input Hidden I Hidden 2 Output

j O-

- - O
O-=-O- ⑧
->g

- G g -
z() = j(7) + B'sy()

(r
=x zIlCl z(2)= ((2)+ 13(2)/1/

y = v((z()
h

= o ''(z") (nk = 0((z()

q(e) egRah , signoid , tunh, ... 3
*

It loyes
,

# newrs/laye
,
perally tens

,
dropout
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Announcements

Problem Set 4 due Thursday Feb 26

Jann’s last lecture Monday Feb 23

Luigi starts Wednesday Feb 25 (time series!)

3 / 19
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Experiments ! Observation

How can we identify causal e↵ects?

Experiments:

Observational Data:

4 / 19

Randomization of treatment

⑨ Treatment no longer random

Goal : "As - if "randomization
- --

unconfoundedness
t

overlan



Unconfoundedness Assumption

Also known as “selection on observables” or “exogeneity”.

Definition:

5 / 19

We I (Y : (0) ,
Y : (11) ) X :

Observables may
impact treatment assignment

But
,
suditad on them ,

"as if"random



Propensity Scores

Motivation:

Propensity Score:

(Alternative) Unconfoundedness:

6 / 19

him continuous X's
.

PCA: Xi = Xj) = 0

e(x) = P(Vi = 1(Xi =)

-> "suffernt statistic" for selector on observables

Wit (Y: 101 , Y:/1) /e .



Assessing Unconfoundedness

While unconfoundedness is not testable, its plausibility can be assessed.

2 assessment strategies:

1

2

7 / 19

Estimate effect onsends outcome

Estimate allest on psendo treatment



Identification?

Conditional Average Treatment E↵ect (CATE): ⌧(X ) = E[Yi (1)� Yi (0)|Xi = x ]

Goal for ATE ID: ⌧ = E[⌧(Xi )]

Let’s see:

8 / 19

E(e(Xi)] = ECECYi/-Yir) /Xi =x]] (dotn of E(x)

= E[E[Ti/1)(Xix] - ECTiles(Xi
=x]] Clineminy d EC.2)

= ECE(Yi(K/Vi = 1 , Xi :x] - ECTios(Wi
= 0 ,Xix]] (unconfoundedness)

= E(E(Y : /Vil , Xi
=X] -Ever x] Idefed PO)
--
-> d

Er may need be sayorally a needsomethya
estimable



Overlap Assumption

Definition:

This assumption is testable. Some strategies:

1

2

3

9 / 19

↑(wi = 1 (Xi) = e: (0 , 1)

For any X
,
we can

find born tracked and control units

Normalized differences

Plotting ↳ E

Log odds ratio

log (in)



What if we have only limited overlap?

Challenge:

2 strategies:

1

2

10 / 19

cannot get good estimates of seyurate confined outcomes

-> need a
"better" sample

Matching

subsampling



Identification!

E[⌧(Xi )] = E[E[Yi (1)� Yi (0)|Xi = x ]] by definition

= E[E[Yi (1)|Xi = x ]� E[Yi (0)|Xi = x ]] by linearity

= E[E[Yi (1)|Wi = 1,Xi = x ]� E[Yi (0)|Wi = 0,Xi = x ]] by unconfoundedness

= E[E[Yi |Wi = 1,Xi = x ]� E[Yi |Wi = 0,Xi = x ]] by definition

= ⌧ by overlap

11 / 19



Inverse Propensity Weighting (IPW)

Starting from our standard di↵erence-in-means estimator:

⌧̂ = En[Yi |Wi = 1]� En[Yi |Wi = 0]

12 / 19

- &Pr estimates (non-random assignment) :

=WY,-I ~
Iph
:En[-
xd

depends on covorists

im
probability of treatment
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How do we choose a value for our (regularization) parameters?

13 / 19

X

iL
test

train

Oestrategy:

F-&-
e = min:

B



Cross-Validation

14 / 19

# &
D

e

-=J J
xi Xe

in
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Image Data: Computer Vision

Big Idea:

Convolutional Neural Networks (CNNs):

15 / 19

Model images as collectors ofsixes , each of which has on

RGB value

-> learn to gredict find values from neighboring giads

Use "sliding window" Cassign neurns to speche regins
of space in image)

Il,
-> takes into account grid tryology"

ot image

-> allows for dense representation ("embedding")ot image based

learned inter-oied relationships



Text Data: NLP

Big Idea:

Progression of methods:

1

2

3

4

5

16 / 19

Model text as sequar of
words

-learn to gredie next word from previous
words)

Boy of words - word
count matrix

S
Topic mode (LDA, ... )

- probabiliste "blustering" in test seace

↑
(wardIves) - dense restor for predicting words

Embeddings
S

Transformers - fanry architecture
that captures complex inter-word relabushings (attention)

S ↓
LLMs - transform-based models that

generate text Literatively)



Generative Models of Text

17 / 19

* text-> embedding
Iterative sampling : At each stay ,

model's

T

Amor Ice ,- + "likes" embedding is "sufficient

I Statistic" of next trken/word.

"Amar likes" Eee, -> "emometrics"
But , generating that

I embedding reques knowledge
of all grin tobes/words.

"Amar likes econometrics" Fees -> M + "and"

--
↑

/

/
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Announcements

Final Exam: March 18, 3:30-6:30pm

Last problem set: due March 13, 11:59pm

Final review session: March 13, 1:30-3:20pm (usual section time/place)

3 / 33
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Influence Function/AIPW - Double Robustness

⌧̂AIPW =
1

N

NX

i=1

(µ̂1(Xi )� µ̂0(Xi )) +Wi
Yi � µ̂1(Xi )

ê(Xi )
� (1�Wi )

Yi � µ̂0(Xi )

1� ê(Xi )

Double Robustness:

4 / 33

1 AIPW &
- > I if :

&E correly specified (and estimated consistently)

or

② i ,s, carredly syste
(and estimated consistently)



Influence Function/AIPW - Correctly Specified Outcomes

⌧̂AIPW =

"
1

N

NX

i=1

(µ̂1(Xi )� µ̂0(Xi ))

#
+

"
1

N

NX

i=1

Wi
Yi � µ̂1(Xi )

ê(Xi )
� (1�Wi )

Yi � µ̂0(Xi )

1� ê(Xi )

#

5 / 33

-> J -> O

-- -

= &
- - soudly -> something

d

En (i ,
(x) -m

, (x)] -> O . limm
-- un

-M ,
(x) -> Mo(x) j

-> E(M ,
() - Mo(x)]

= ECE-in]]
= z(x)

= T



Influence Function/AIPW - Correctly Specified Propensity

⌧̂AIPW =

"
1

N

NX

i=1

Wi
Yi

ê(Xi )
� (1�Wi )

Yi

1� ê(Xi )

#
+

"
1

N

NX

i=1

(ê(Xi )�Wi )

✓
µ̂1(Xi )

ê(Xi )
+

µ̂0(Xi )

1� ê(Xi )

◆#

6 / 33

-S

-
ECe(Xil] = N

,

PW -

& E EC.) = 0

su
EC. J = ECY ; (Vc : 1) - ECTiINio]



Cross-Fitting/Sample Splitting

Idea:

Procedure:

1

2

3

4

7 / 33

Deriving formal properties easierif we estmate nuisances on separate

Sample from I (wat independence)

Split sample into K Golds ,

J:
= E , ..,

K2

Estimate functions f (x) ,
E(x) on sample wit Jits

Estimate "(i) (AIPW)

Average over all Es to get an
ethicist estimator



1. Announcements

2. Double Machine Learning

3. CATE Estimation

4. Introduction to Linear Stationary Processes

5. Practice Problems



CATEs

8 / 33

BiEben : Maybe observables play some role in TE

- (x) = E[i(x - i(o)(x]

->
It i

#: E(x) = u ,
(x) - u,

(x)

↓I Es i
estimated securately

Problem: may
not be campering "alike" individuals



Causal Trees/Forests

9 / 33

19
j

Y
⑮
* i

- E(x)
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Notation/Terminology

Stochastic Process:

Expectation of t-th observation:

Variance of t-th observation:

Autocovariance (of order j):

10 / 33

Sequence of RVs ordered by discode time index

5 YeE = (Y0 , Y, ..,
Y+] -> l observation

E(i =) =Mc= y+ +y(y2)dy+

ELLic-M)") = Vo
,= (ye-M+

) fake) de

Vj = E((Y +
-ma)(Ytj - Myj))=-(x m + )(yz i

- M+i) +(yx,y...
-

x dyydyz...
- dyz -



Stationarity

A time series Yt is covariance-stationary (or weakly stationary) if the following

hold:

1

2

3

Why is this useful?

11 / 33

Vt
, Ma = M

Ft
, Y, =

V
;

V> X

Reduces # momanly have to estimate

Can now estimate mean
from 1 observation



Stationarity: Examples

Are each of the following covariance-stationary or not?

12 / 33

No'

Men changes our time

Clevels)

Yes
-

Meas roughly instant

(changes



Ergodicity

A covariance-stationary process is ergodic for the mean if:

A covariance-stationary process is ergodic for second moments if:

Why is this useful?

13 / 33

Sufficient condition for

ergodicity :

dimIT /V,
1

j = 0

L ensues

"dying our our

im (5) ly-EDE & X

time

Allows us to Sway ensemble averages for time averages.

Need into. to accide our fire.



Ergodicity: Examples

Are each of the following ergodic or not?

Long-term inflation: inflation rates in an economy where the central rate has a

specific target in mind

Multiplicative gambling: individuals play a game where each round they win 50%

of their wealth if the coin is heads and lose 40% of their wealth if the coin is tails

14 / 33

bank

X

Yes! Meas-reversion mems things dat "blow my
"

wal

No
:

& Elgayof]=2
· 1 . 5 + /2 0. 6 = 1

. 05

=

② Pry(i)=w(t) (15" . 0. 62) = 095



White Noise

A basic building block of time series, white noise has the following properties:

15 / 33

E[[ + ] = 0

ECs?3 = Va(d) = 02

E [Eds] = 0 Ftes



Moving Average (MA) Processes: MA(1)

Definition:

Mean:

Variance:

jth Autocovariance:

16 / 33

Ye = M + 2 + Ed+, (
- VN(0, 22)

ECYt) = M

E((ic -es") = (1 + 04R() = (150) oh

U
;

= Cov(iz
, Yej) = Go . 1jeg ,1



Lag Operator: L

Definition:

For higher orders:

Polynomials:

Rewrite MA(1):

17 / 33

Gir Yo
,
LYe = Ye- ,

: Ye = Ye-j

↑(2) = to 4
.
2 : Yah' t ...

Ye = (1 + -L)2x + u

= o(v) Ex + M



Moving Average (MA) Processes: MA(q)

Definition:

Mean:

Variance:

jth Autocovariance:

18 / 33

Y M1 2x + 0
,
4 .,

+ -
+ Ogdz-m

= M + G(L)2z

M

(1 + 0
,

2
+... oo2 = Up

So in j2e

V= (0,
+E + -

+ Egg ;
) of if jil, ..., 9



Moving Average (MA) Processes: MA(1)

Why is this useful?

A necessary assumption for covariance-stationarity:

19 / 33

-



Autoregressive (AR) Processes: AR(1)

Definition:

2 strategies for finding MA(1) representation:

1

2

20 / 33

Yy = c + yY- Et

Recursive substrati

Frase of polynomial



Strategy #2: Inverse of Polynomial

22 / 33

Defre I (2) : It 0.ht ...

inqee
: +(1) =Dir + 4(1) (1) = 1

N Yz = c + 4(Ye + 2
+
-> (1- x2)Yz = C + d +

Ned
: (1 + +

,
27 +=L

2: -) (l-x2) = /

- 1 + ( +, - 4) + ( + - +, 0)(2 + (oy - +207237 ...
=

Yields system of equators : -t
,
- 0 = (

↑ - +x=c&
↑3- tuD = L



Companion Form: Overview

24 / 33

3.) Feel ( ( = (d)
· 5 = F3 .,

+e
+ Or AR() in ly left core

->3↓
↳

gas egt



Companion Form: Eigenvalue Decomposition

25 / 33

F = TAT" - Fi = +A +

As log as maxIxd 11
,
stating
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Announcements

Final Exam: March 18, 3:30-6:30pm

Last problem set: due March 13, 11:59pm

First half review session: March 11, 4-5:30pm, GSB BC104

3 / 28
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Conditional Mean Dynamics

Goal:

(Linear) Forecasting:

4 / 28

Given unemployment so far
,

what will urremployment be tomorrow ?

E [Ye /Ye , Y , -..]

Xe = [Yc
,

Yz , , ...) it

Fast: g(Xe) = &'Xe -liner restriction

↑
loss : E(/Yon-g(x1)"]

- BLP C = E"(X :XSECX+ Yen]



Linear Projection: MA(1)

Goal:

5 / 28

Y
=

= m + 4(L)[t

Since all over models here MACD) representatio , solving this solves many

X = (i) * fidmt-))
(u + &z

- [E .
E"(x x

=) = (o* I)
"

↑
I

E (x = Y) = E(x (m + d + +,d ... )) =(S
S

P(Yis(Xe) = M
+ Xe'C = X( %)i(M)= +

, ++ .



Linear Projection: MA(1)

Goal:

5 / 28

-

Xi(i)
↑

Lis
: Met Ezos + 4, &00s-t--

X Yo = (Ed) (



Forecasting: MA(1)
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Convert PCYsIde , Et it to PLYers1Y
,

You ,
--)

Preever: Yers- P(Yers(X) = Ears + derse +... + Y de

"
From polynomed inversion :

y
(2) (Y -m) = 2

=
e P(Yers)Tx ,

- ) = m + []y((SenAs
"(2)
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Wold Representation Theorem

Theorem: Let {Yt} be a covariance-stationary process with E[Yt ] = 0 and
�j = E[YtYt�j ]. Then:

Where:

7 / 28

Y=d

E
-

~ while noise

4: 1 , 20

Vt
,
sE[[ + 1s] = 0

Des yerfly predictable given Ye



Wold Decomposition

A consequence of this is that we can decompose any covariance-stationary process into
2 components:

1

2

8 / 28

Y=d
: Stanste component, impossde to grd gurlas

7 : deterministic , yerfully predictable from history (seasonaling)

-> holds for an
corainer-stabary process (not just

liner ons
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Properties of Vector Processes

Vector Process:

Mean:

Variance:

j th Order Autocovariance:

9 / 28

&)Yz = [Y,
, + ,
Y

, + ,

... ]

independer of - if coverine-

My = E(Y =] -

station

T = E((Y -mi)(Y - M + )') er
& e

= E((Ye -mr)(Tzj
- M

+ i)]



Vector MA(1)

Definition:

When is it covariance stationary?

10 / 28

Ye = M + ( + 4
,

4 ,.,+ ...

L ddhemana
rectus =

No restrictes Yg - can have none crofficials on innovations from

other sub-processes

Visi,



Vector AR(p)

Definition:

When is it covariance stationary?

11 / 28

Y= c +
,
Y+... EpYery

+ Es

↳ C
mulices

Novostrictions on#

->
all eigenvales must lie

dF-( ( in unit circle

(xg)x(nx)



Impulse Response Function

Goal:

Consider MA(1) representation:

Can we use this to compare across outcome variables?

12 / 28

See how other variables respond to an unexpected shock

in one variable.

Yy = m + X(L)Ez

Can interged ut - G -
how change in innman bjato

inngnds the Whilerocess s goods lake

S - N/0
,
m)

No! This holds all olly innovations fixed

But 2
,
6 and En

, I may be concated



Orthogonalizing IRFs

Does this really help with interpretation?

13 / 28

28 If diagonal , the I's orthogonal

MoleskyFactorization = PD'
,

P lower triangula
↳ implies hinady in

Defines Up ="de innovations Et
Causal Hu)

E(4 = "d'7 = P"ppp's" =
eviginalized

-ordermatter ,

Can now wire MA(D) as : Ye = u + Pret, Pu +.

/-> here
,

IRFs owthigonalized

Not really... In
have no exone meaning (unbss believe ordering is true



DSGE and VARs

Big Idea:

Justifies 2 main uses of VAR in applied macro:

1

2

15 / 28

Many moso modds can be represented as VAR

using
leas of moren for statenimbles as funch of

&ructural parameters Emanying : structural mode -> VAce Crestricted (

Reference models

Structural VARs



Structural VARs

Goal:

Identification challenge:

16 / 28

Approximals "structure by imposing
restricts on corcine matrix

of VAR innovations
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Gaussian State Space Models

Let zt be the state vector and yt be the vector of observations.

Gaussian state space model has 2 parts:

Law of motion for observables:

Law of motion for state:

17 / 28

Ye = M + Az + Hyz
, Ye

N(0 ,
E)

z
= z + REt ,

<
,

= N10, 2)

↳ Markov



Example: MA(1)

yt = µ+ ✏t + ✓✏t�1 ✏t ⇠ WN (0,�2)

18 / 28

zy = (4+
, 27 -y)

Ye = M + 1zz + Hy- M= M
= (iv)

z= + REt
A = (10) R = (d)

-

↓
(E)

()=) H = D E = ok

= (2) + 13
+



Kalman Filter

Big Idea:

Consider the following simple example:

There are 3 steps to produce an update:

1

2

3

20 / 28

↑hast state from observed time series via Bayesom ceybaking

Y =
-

+ Oyb ,
% - N(0, 1)

Belief our state:(E) ~N/Eno
, Pro)

E
e

= YEc. + Endo
,
ExN10)

Girn slave EGE- , Pelt-

Predict Ye & law of mobn fr observable

Update beliefs Eaz
,

Pelz

Update beliefs about Extles Pole & lar of main for state
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